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' Abstract 

cn : 

In this paper we construct a bivariant Chern character defined on 
■ "families of spectral triples" . Such families should be viewed as a version 

^ ' of unbounded Kasparov bimodules adapted to the category of bornological 

algebras. The Chern character then takes its values in the bivariant entire 
cyclic cohomology of Meyer. The basic idea is to work within Quillen's 
algebra cochains formalism, and construct the Chern character from the 
exponential of the curvature of a superconnection, leading to a heat kernel 
regularization of traces. The obtained formula is a bivariant generalization 
' of the JLO cocycle. 

Keywords: Bivariant entire cyclic cohomology, bornological algebras. 

1 Introduction 

• .—I . Recall that according to Connes Q , a noncommutative space is described by 

' a spectral triple {A,T-l,D), where 7i is a separable Hilbert space, A an asso- 

^ . ciative algebra represented by bounded operators on "H, and _D is a self-adjoint 

unbounded (Dirac) operator with compact resolvent, such that the commutator 
[D, a] is densely defined for any a A and extends to a bounded operator. The 
triple {A,Ti.,D) carries a nontrivial homological information as a if-homology 
class of A. The major motivation leading Connes to introduce periodic cyclic 
cohomology Q is that the latter is the natural receptacle for a Chern character 
defined on finitely summable representatives of if-homology. This finiteness con- 
dition was removed later and replaced by the weaker condition of 0-summability, 
i.e. the heat kernel exp(— iZ?^) associated to the laplacian of the Dirac operator 
has to be trace-class for any < > 0. In that case, the algebra A has to be 
endowed with a norm and the Chern character of the spectral triple is expressed 
as an infinite- dimensional cocycle in the entire cyclic cohomology HE* {A). Ex- 
cept the original construction of Connes, one of the interesting explicit formulas 
for such a Chern character is provided by the so-called JLO cocycle Here 
the heat kernel plays the role of a regulator 'm the algebra of operators on 7i, and 
the JLO formula incorporates the data of the spectral triple in a rather simple 
way. This led Connes and Moscovici to use the powerful machinery of asymp- 
totic expansions of the heat kernel, giving rise to local expressions extending the 
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classical index theorems of Atiyah-Singer to very interesting non-commutative 
situations |l^ . 

In this paper we want to generalize the construction of a Chern character to 
families of spectral triples "over a noncommutative space" described by a second 
associative algebra B. In the context of C*-algebras, such objects correspond 
to the unbounded version of Kasparov's bivariant X-theory In this picture, 
an element of the group KK{A, B) is represented by a triple (£, p, D), where £ 
is an Hilbert i3-module. D should be viewed as a family of Dirac operators over 
B, acting by unbounded endomorphisms on 5, and p is a representation of A 
as bounded endomorphisms of £ commuting with D modulo bounded endomor- 
phisms. In the particular case B = C, this description just reduces to spectral 
triples over A. The construction of a general bivariant Chern character as a 
transformation from an algebraic version of KK{A, B) (for A and B not neces- 
sarily C*-algebras) to a bivariant cyclic cohomology has already been considered 
by several authors. For example Nistor constructed a bivariant Chern 

character for p-summable quasihomomorphisms , with values in the Jones- 
Kassel bivariant cyclic cohomology groups. Cuntz and Quillen also constructed 
a bivariant Chern character under some summability assumptions, with values 
in their own description of the bivariant periodic cyclic theory |l^ . On the 
other hand, Puschnigg constructed a well-behaved cyclic cohomology theory for 
C*-algebras, namely the local cyclic cohomology p9| , |30|] . Upon generalization of 
a previous work of Cuntz Q , the local cyclic theory appears to be the suitable 
target for a completely general bivariant Chern character (without summabil- 
ity assumptions) defined of Kasparov's ii'-theory. However, the existence and 
properties of such constructions are often based on excision in cyclic cohomology 
and the universal properties of bivariant _ftr-theory. By considering unbounded 
bimodules we will follow a different way, involving heat kernel regularization 
in the spirit of the JLO cocycle, keeping in mind that we are interested in ex- 
plicit formulas for a bivariant Chern character incorporating the data p and D. 
Our motivation mainly comes from the potential applications to mathematical 
physics, especially quantum field theory and string/brane theory, where such 
objects arise naturally: 

• The heat kernel method admits a functional integral representation. The 
quantities under investigation then correspond to expectation values of observ- 
ables corresponding to some quantum-mechanical system. This was first used 
by Alvarez-Gaume and Witten in their study of mixed-gravitational anomalies 
[0, and led to the asymptotic symbol calculus of Getzler ||^. 

• The basic idea of introducing a heat kernel regularization of Chern characters 
in classical differential geometry is due to Quillen . Bismut then succesfully 
applied this method in his approach of the Atiyah-Singer index theorem for 
families of elliptic operators on submersions It is worth mentioning that 
Bismut also uses a stochastic representation of the heat kernel. 

• The Bismut-Quillen approach is essential for the analytic and topological 
understanding of anomalies (both chiral and gravitational) in quantum field 
theory p7| , psf . A bivariant Chern character designed in an equivariant setting 
may shed some light on the interplay between BRS cohomology and the recently 
discovered cyclic cohomology of Hopf algebras |jl^, |ll| . 

• Twisted i^-theory and if-homology recently appeared in the physics literature 
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through the classification of £)-branes [ p3| , Q . This also falls into the scope of 
a bivariant Chern character. 

First we have to consider the right category of algebras. For our purpose, 
it turns out that bornological associative algebras are exactly what we need. 
These are associative algebras endowed with an additional structure describing 
the notion of a hounded subset. Complete bornological algebras provide the 
general framework for entire cyclic cohomology. This theory has been developed 
in detail by Meyer in [^. The interesting feature of the bivariant entire cyclic 
cohomology is that it contains infinite-dimensional cocycles and thus can be used 
as the receptacle of a bivariant Chern character for our families of spectral triples 
carrying some properties of 0-summability. Given two complete bornological 
algebras A and we will consider the Z2-graded semigroup '^,,{A,B), * — 

0. 1, of unbounded A-B-bimodules. The latter is an adaptation of Kasparov's 
unbounded bimodules to the realm of bornological algebras. In our geometric 
picture, such a bimodule represents a family of spectral triples over the non- 
commutative space B. Our aim is to construct an explicit formula for a Chern 
character defined on the subsemigroup of 0-summable bimodules, 

ch:-^l{AB)^ HEM,B) , * = 0,1, (1) 

carrying suitable properties of additivity, differentiable homotopy invariance 
and functoriality. Here (A, B) is the bivariant entire cyclic cohomology 
of A and B, and B is the unitalization of B. On the technical side, we will 
use both the X-complex description of cyclic cohomology due to Cuntz-Quillen 
[ p^ |l6|, and the usual (&, i?)-complex of Connes. The X-complex is useful for 
some conceptual explanations of the abstract properties of cyclic (co)homology. 
Given a complete bornological algebra A^ its entire cyclic homology is computed 
by the supercomplex Q 

X{TA) : TA ^ ^^TA^ , (2) 

where TA is the analytic tensor algebra of A, obtained by a certain bornological 
completion of the tensor algebra over A, and fi^Tyli, = ^l^TA/\TA,VL^TA\ 
is the commutator quotient space of the universal one-forms over TA. This 
means that the entire cyclic homology of A is completely described through 
the homological properties of its analytic tensor algebra in dimension and 

1. Furthermore, taking the analytic tensor algebra of TA is harmless: indeed 
X{TA) and X{TTA) are homotopically equivalent complexes. In other words, 
entire cyclic homology does not distinguish between a complete bornological 
algebra and its successive nested analytic tensor algebras. This is a particular 
case of the analytic version of Goodwillie's theorem This result is a 
key point of our bivariant Chern character. The construction of will follow 
two steps: 

a) Using the Goodwillie theorem, we first construct an invertible bivariant class 
[7] G HEo{A, TA) realizing the equivalence between the entire cyclic homologies 
of A and T A. 

b) We consider a bimodule in 'i>^,{A,B). Then under certain 0-summability 
conditions, we construct an element [x] G HE^ {TA, B) involving the expo- 
nential of the curvature of a superconnection, which automatically incorporates 
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the desired heat kernel regularization. This step uses Quillen's theory of algebra 
cochains as an essential tool ^ . Then the composition [7] • [x] € HE^ {A, B) 
is the bivariant Chern character (Q) . 

The paper is organized as follows. In sections ^ ^ we recall the basic 
definitions and properties of bornological spaces and entire cyclic cohomol- 
ogy. In section || we present our construction of the Goodwillie equivalence 
[7] S HEo{A,TA). The semigroup of unbounded bimodules '$^,{A,B) is intro- 
duced in section |[ Sections ||and|^ are devoted to the fundamental construction 
of the element x € HE^ {TA, B) . Finally, we end the paper with an application 
of our Chern character to the non-bivariant cases, namely ordinary i^-theory 
and iiT-homology in section |^. In particular we check that the composition 
product on HE describes correctly the index pairing between idempotents and 
spectral triples. Besides, the study of the Bott class allows to normalize the bi- 
variant Chern character. The appendix contains a straightforward adaptation, 
to bornological algebras, of Quillen's algebra cochains formalism. 

We would like to mention a last point. There is a priori no obvious inter- 
section product '^{A^B) X ^'(S,C) '^{A^C) as in Kasparov theory. Also we 
will never ask if our construction is compatible with such a product. In fact, it 
is possible to show that the bivariant Chern character is compatible with the 
Kasparov product on p-summable quasihomomorphisms, but this involves a re- 
traction of our entire cocycles onto periodic ones. These matters will be treated 
elsewhere. 

All algebras are supposed to be based on the ground field C. We work in 
the non-unital graded category, i.e. homomorphisms between algebras do not 
necessarily preserve units, and all operations like commutators, tensor products, 
etc... involving graded objects are automatically graded. 



2 Bornology 

This section is intended to give a short introduction to bornological vector spaces 
[ pO[ . These are vector spaces with an additional structure describing abstractly 
the notion of boundedness. Concrete examples of bornological spaces are pro- 
vided by normed or locally convex spaces. Bornology is the correct framework 
allowing the development of entire cyclic cohomology in full generality; this has 
been done by Meyer in |2^. Since this topic is not so familiar to mathematical 
physicists, we feel the need to recall the definitions and basic properties. Our 
sketch is by no means supposed to give a sufficient knowledge about bornology; 



we refer to 20, 24 for details 



Let V be a vector space over C. A subset S" C V is a disk iff it is circled and 
convex. Given any subset 5, we denote by 5* its circled convex hull: it is the 
smallest disk containing S. If S' is a disk, its linear span Vs is endowed with a 
semi- norm || • ||s whose unit ball is the closure of S. S is called completant iff 
Vs is a Banach space. 

Definition 2.1 Let V be a vector space. A (convex) bornology 6(V) is a col- 
lection of subsets of V verifying the following axioms: 
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• {x} e S(V) for any vector x gV. 

• + 52 e 6(V) for any 81,82 e 6(V). 

• If8e 6(V), t/ien T e 6(V) /or any T c 5. 

• 5* e 6(V) /or any 5 e 6(V). 

^ny 5 e S(V) is called a small subset of the bornological space V. 

The bornology ©(V) is called completant iff any small subset 8 S S(V) is 
contained in a completant small disk. In that case, (V, 6(V)) is a complete 
bornological vector space. 

Example 2.2 If V is a locally convex space, then the bounded bornology 
Q3oun5(V) is the collection of subsets 8 bounded for all seminorms on V. If 
V is complete for the locally convex topology, then it is complete as a bornolog- 
ical space. Frechet spaces endowed with the bounded bornology are important 
examples of complete bornological spaces. 

Example 2.3 If V is any vector space, the fine bornology 5^ine(V) is the small- 
est admissible bornology: a subset is small iff it is contained in the disked hull 
of a finite number of points of V. In particular, any small subset is contained in 
a finite-dimensional subspace of V. A bornological space with fine bornology is 
always complete because finite-dimensional spaces are complete. 

Example 2.4 A useful way to construct a bornology on V is to start from 
a collection it of subsets not satisfying the axioms of a bornology, and then 
to consider the smallest bornology 6(V) containing It. We say that &{V) is 
generated by il. 

Bornological convergence: A sequence {xn}neN oi points in a bornological 
space V is said to converge bornologically to the limit Xoo G V iff there is a small 
disk 5 e S(V) such that Xn — Xoo S 5 for any n and lim„^oo ||a^n — a;oo||s = 0. A 
set is said to be closed for the bornology iff it is sequentially closed for bornolog- 
ically convergent sequences. The closed sets for the bornology fulfill the axioms 
of a topology, hence a bornological space has also a topology (though in general 
not a vector space topology). 

Bounded maps: Let V and W be two bornological vector spaces. A linear 

map I : V — > yy is bounded iff l{8) G &{W) for any small 8 e &{V). An arbi- 
trary set {lj}jeJ of linear maps is equibounded iff {lj{x)\j € J, x € 8} is a small 
subset of W for any 8 G S(V). We denote by IIom(V, W) the vector space of 
bounded linear maps between V and W. The sets of equibounded maps form a 
bornology called the equibounded bornology on Hom(V, W). It is complete if W 
is complete. We will always endow the spaces of bounded linear maps with the 
equibounded bornology. 

Completions: Let V be a bornological vector space. Its bornological com- 
pletion is the complete bornological vector space defined as the solution of 
the following universal problem; there is a bounded linear map u : V 
such that, for any complete bornological space W and any bounded linear map 
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Z : V — > W, there is a unique bounded linear map from V to W factorizing 
I. The completion always exists, and can be explicitly realized as the inductive 



limit of a system of Banach spaces (see 20 and the appendix of [g4|). It is of 
course unique by universality. If V is a normed space endowed with the bounded 
homology, then its bornological completion coincides with its Hausdorff com- 
pletion. However, it should be stressed that the universal map V — > V'^ may fail 
to be injective for an arbitrary bornological space V. 

Multilinear maps: An n-linear map Z : Vi x . . . x V„ ^ W between bornologi- 
cal spaces is bounded iff ^5*1, . . . , S'„) e ©(W) for any small sets Si S &{Vi). If 
W is complete, then there is a unique bounded n-linear map VJ^ x . . . x — ^ W 
factorizing I. 

Completed tensor products: Let Vi and V2 be two bornological vector 
spaces. We endow their algebraic tensor product Vi (8" V2 with the homol- 
ogy generated by the subsets 5*1 (g) 6*2, for any Si S 6(Vi). The completion of 
Vi ® V2 with respect to this homology is the completed tensor product Vi(8)V2. 
The completed tensor product is associative, whence the definition of the n-fold 
tensor product Vi® . . . ®V„ of n bornological spaces. The latter is universal for 
the bounded n-linear maps Vi x . . . x V„ — > W with complete range W. 

Algebras: A bornological algebra is a bornological space A endowed with a 
bounded bilinear map (product) A x A ^ A. The algebra A is complete ifi' 
it is complete as a vector space. In this paper we will be concerned only with 
associative bornological algebras. 

Subspaces, quotients: Let V be a bornological vector space and W C V a 
vector subspace. There is a canonical homology on W: a subset 5* g W is small 
iff it is small for V. On the other hand, the quotient space V/W has also a 
homology: S € 6 (V/W) iff there is a small T e S(V) such that S = T mod W. 
When V is complete, then the subspace W C V and quotient V/W are complete 
iff W is bornologically closed in V. 

Bornological complexes: A bornological space V with a bounded linear map 
9 : V ^ V satisfying 9^ = is a bornological complex. Its homology is as usual 
the bornological vector space if*(V) = Keid/lmd. 



3 Entire cyclic cohomology 

Here we recall the formulation of cyclic (co)homology within the X-complex 
framework of Cuntz and Quillen [ p^ . The analytic adaptation of that theory 
presented by Meyer in ||2j] allows to define elegantly the entire cyclic homology, 
cohomology and bivariant cohomology for bornological algebras. There are in 
fact two equivalent ways to describe the entire cyclic cohomology of a complete 
bornological algebra A. The first one is to use Connes' (b, B) complex of non- 
commutative forms completed with respect to a certain homology; we call this 
completion Vlf^A. The second one is the X-complex of the completed tensor al- 
gebra TA. These complexes are homotopy equivalent , and give rise to the 
definition of entire cyclic cohomology. The construction of the bivariant Chern 



6 



character proposed in our paper uses simultaneously the (6, i3)-complex and X- 
complex approaches. Also, a third complex will be needed as an intermediate 
step; we call it the completed de Rham-Karoubi complex flgAi^. 



3.1 Non-commutative differential forms 

Let ^ be a complete bornological algebra. The algebra of non-commutative dif- 
ferential forms over A is the direct sum ^A = ®„>q ri".4 of the n-dimensional 

subspaces V.'^A = ^(g)^®" for n > 1 and n"A = A, where ^ = ® C is the 
unitalization of A. It is customary to use the differential notation a^dai . . . dan 
(resp. dai . . . da^) for the string ® ai . . . ® an (resp. 1 (g) ai . . . (g) a„). The 
differential d : ri"y^ Vl'^^^A is uniquely specified by (i(aodai . . . da„) — 
daodai . . . dan and d^ = 0. The multiplication in flA is defined as usual and 
fulfills the Leibniz rule d{uJiUJ2) = dujibj2 + (— )''^'^'ix'idw2, where |wi| is the de- 
gree of uji. Each Vl'^A is a complete bornological space by construction, and 
we endow ^lA with the direct sum homology. This turns Q,A into a complete 
bornological differential graded (DG) algebra, i.e. the multiplication map and 
d are bounded. It is the universal complete bornological DG algebra generated 
by A. 

On Q.A are defined various operators. First of all, the Hochschild boundary 
h : r2"+M ^ Vf^A is h{ujda) = a] for w e Vf^A, and 6 = on VlPA = A. 

One easily shows that b is bounded and 6^ = 0. Then the Karoubi operator 
K : Vl'^A il"A is constructed out of b and d: 

1- K = db + bd . (3) 

Therefore k is bounded and commutes with b and d. The last operator is Connes' 

B : r?"^ n"+^A, 

B ^{l + K + ... + K'^)d on , (4) 
which is bounded and verifies B^ — Q = Bb + bB and Bk = kB = B. 

We now define three other homologies on ClA, leading to the notion of entire 
cyclic cohomology: 

• The entire homology 6^{nA) is generated by the sets 

|J[n/2]!5(d5)" , See{A) , (5) 

where [n,/2] = k ii n = 2k ot n = 2k + 1, and S = S + C That is, a subset 
of flA is small iff it is contained in the circled convex hull of a set like We 
write fl^A for the completion of flA with respect to this homology. fl^A will 
be the complex of entire chains. 

• The analytic homology &an{^A) is generated by the sets 1J„>q S'(d5)", 
S e S(.4). The corresponding completion of il.A is ft^nA. It is related to the 
X-complex description of entire cyclic homology (see below). 
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• The de Rham-Karoubi homology &s{^A) is generated by the collection 
of sets lJn>o [„/2 ] ! S{dSy\ S e &{A), with completion QsA. This will give rise 
to the de Rham-Karoubi complex. 

The multiplication in QA is bounded for the three homologies above, as 
well as all the operators d, b, k, B. Moreover, the Z2-graduation of Q.A given by 
even and odd forms is preserved by the completion process, so that ^^A, r^an-^ 
and VlgA are Z2-graded differential algebras, endowed with the operators 6, k, B 
fulfilling the usual relations. In particular, ^^A is called the (6, i3)-complex 
of entire chains. Note also that the multiplication or division of n-forms by 
[n/2]! obviously provide linear bornological isomorphisms between ^.f^A^^anA 
and ^sA. 



3.2 The analytic tensor algebra 

Let A he a. complete bornological algebra, VIA = Q.'^A © A the Z2-graded 
algebra of differential forms. The even part Vi^A is a trivialy graded subalgebra. 
We endow Vi^ A with a new associative product, the Fedosov product 

W2 = UJ1UJ2 — dhJidhJ2 , OJl.2 G 0.^ A ■ (6) 

Associativity is easy to check. In fact the algebra 0) is isomorphic to the 

non-unital tensor algebra TA = ®„>i .4®", under the correspondence 

U^A 3 aodai . . . da2n < — > ao ® 02) ... a;(a2„-i, a2„) G TA , (7) 

where ^(0^, aj) := a^aj — ai® aj A® A®"^ is the curvature of (a^, aj). It turns 
out that the Fedosov product is bounded for the homology ©an restricted to 
VL^A l24|, and thus extends to the analytic completion ^'^^A. The complete 
bornological algebra (ffc ^, 0) is also denoted by TA and called the analytic 
tensor algebra of A in . 



3.3 X-complex 

The X-complex first appeared in Quillen's work on algebra cochains p^l, and 
then was used by Cuntz-Quillen in their formulation of cyclic homology [|15| . 
Here we recall the X-complex construction for bornological algebras, following 
Meyer [||. 

Let ^ be a complete bornological algebra. The X-complex of is the Z2-graded 
complex 

X{A) : A -r-^ ^^Ut, , (8) 

b 

where D.^A\f is the completion of the commutator quotient space i^^A/b^'^A = 
^l^A/[A, ^^A] endowed with the quotient homology. The class of the generic el- 
ement (aodoi mod [, ]) £ fl^A^^ is usually denoted by \\aodai. The map \\d : A—* 
U^Atf thus sends a G ^ to \\da. Also, the Hochschild boundary b : fl^A A 
vanishes on the commutators [yi, rj^yt], hence passes to a well-defined map 
b : fl'^Aif A. Explicitly the image of \\aodai by b is the commutator [ao, cji]. 
These maps are bounded and satisfy [\d ob = and b o \\d = Q, so that X{A) 
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indeed defines a complete Z2-graded bornological complex. 



We now focus on the X-complex of the analytic tensor algebra TA. In that 
case, ri^Ty^i, = n^TA/[rA,VL^TA\ is always complete, and as a bornological 
vector space X{TA) is canonically isomorphic to the analytic completion Q^nA. 
Here we must take care of a notational problem. Since the symbol d is already 
used for the differential on ^A, we always choose the bold print d for the 
differential on ^TA. Then the correspondence between X{TA) and fian-^ goes 
as follows first, one has a T^-bimodule isomorphism 

Q}TA ~ fA®A®fA (9) 
a; day <-> x®a®y iov a ^ A , x,y£TA, 

where TA :— C®TA is the unitalization oiTA. This implies that the bornolog- 
ical space Vl^TA\^ is isomorphic to TA®A, which can further be identified 
with the analytic completion of odd forms Q.'^^^A, through the correspondence 
x®a ^ xda, Va & A, x G TA. Thus collecting the even part Xq{TA) = TA and 
the odd part Xi{TA) = ^l^TA\f together, yields a linear bornological isomor- 
phism X{TA) ~ ^anA. We still denote by (tld,5) the boundaries induced on 
^a.nA through this isomorphism; Cuntz and Quillen explicitly computed them 
in terms of the usual operators on differential forms | p5[ : 

b = b-il + K)d onn^"+^A, (10) 

2n n—1 
1=0 1=0 

The crucial result |2|] is that the complex (Sla„-4, t]d, 6) = X{TA) is 
homotopy equivalent to the complex of entire chains ^eA endowed with the 
differential {b + B). Let us recall briefly the job The Karoubi operator 

K verifies the polynomial identity (k" — — 1) = on QJ^A, hence 

also verifies a polynomial identity. It follows that has a discrete spectrum cr, 
and Q.A decomposes into the direct sum of the generalized eigenspaces V\ for 
any A € tr. One of the eigenvalues of is 1, with multiplicity 2. Let P be the 
projection of ^A onto Vi, vanishing on the other eigenspaces. Since P and its 
orthogonal projection P^ commute with all operators commuting with k, the 
subspaces P^IA and P^VtA are stable with respect to d, b and B. One shows 
that P, P^ are bounded for the homologies 6an(^^^) and ©^(ilyl), hence extend 
to the completions ilan-4 and Q.eA. Moreover, the subcomplex {P-^Vl^nA, t]d, 6) 
is contractible, hence ilan-4 retracts on PQ^^nA for the differential (l]d, 6). Also, 
[P^ileA^b + B) is contractible and ^IcA retracts on PVlcA for the differential 
{b + B). Let c : Vl^nA — > Vl^A be the bornological vector space isomorphism 

c(aodai...da„) = (-)'"^^'[?i/2]!aodai...da„ Vn e N . (11) 

Then c maps isomorphically Pilan-^ onto Pil^A, and under this correspondence, 
the boundaries (l]d, b) and b+B coincide: c^^{h+B)c — (l]d, 5) on P^^nA. It fol- 
lows that the X-complex X{TA) is homotopy equivalent to the (6-f _B)-complex 
of entire chains ^.^A. This leads to the definition of entire cyclic (co)homology: 
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Definition 3.1 Let A be a complete hornological algebra. 

i) The entire cyclic homology of A is the homology of the X -complex of the 
analytic tensor algebra TA: 

HE4A) = H^XiTA)) , * - 0, 1 , (12) 
or equivalently, the (b + B) -homology of the 'L2-graded complex of entire chains 

n^A. 

ii) Let {X{TA))' be the Ij2-graded complex of bounded maps from X{'TA) to 
C, with differential the transposed of{\\d,b). Then the entire cyclic cohomology 
of A is the cohomology of this dual complex: 

HE*{A) - H*{{X{TA)y) , * = 0, 1 • (13) 

Hi) Lf A and B are complete bornological algebras, then \loTa{X {T A) , X {T B)) 
denotes the space of bounded linear maps from X{TA) to X{TB). Lt is nat- 
urally a complete Z2-graded bornological complex, the differential of a map f 
corresponding to the commutator (Ijd, 6) of— (—)'•'''/ o (t]d, &). The bivariant 
entire cyclic cohomology of A and B is then the cohomology of this complex: 

HE^{A,B) = H^(Rom{X{TA),X{TB))) , * = 0, 1 . (14) 

In the case A = C, one shows that X{TC) is homotopically equivalent to 
X{C) : C 0, thus the entire cychc homology of C is simply HEq{C) = C and 
HEi{C) = 0. This implies that for any complete bornological algebra A, we 
get the usual isomorphisms HE^{C,A) ~ HE^{A) and HE^{A,C) ~ HE* [A). 
Furthermore, since the composition of bounded maps is bounded, there is a 
well-defined composition product on bivariant entire cyclic cohomology: 

HE,{A,B) X HE,{B,C) ^ HE,+,+2EiA,C) , j - 0, 1 (15) 

for complete bornological algebras A,B,C. Any bounded homomorphism p : 
A ^ B extends to a bounded homomorphism ; TA — > TB by setting (ai (g) 
. . .^On) = p{ai)(^. . .®p{an)- The boundedness of p, becomes obvious once we 
rewrite it using the isomorphism TA ~ {Q.'^^A,Q), since p^(aQdai . . ■da2n) — 
p{ai)dp{ai) . . . dp{a2n)- The homomorphism gives rise to a bounded X- 
complex morphism X{p.^) : X{TA) ^ X{TB): 

X I— > Pf,{x) (16) 
'<C^xdy i— s- l]p,(x)dp,(?/) yx,y<^TA. 

We write ch(p) for the class of X{p^) in HEo{A,B). It is the simplest exam- 
ple of bivariant Chern character. Last, remark that HEf:{A,A) is a Z2-graded 
unital ring, the unit corresponding to the Chern character of the identity ho- 
momorphism of A. 

3.4 The entire de Rham-Karoubi complex 

There is still another complex related to cyclic homology, namely the de Rham- 
Karoubi complex In our context of bornological algebras, we have to 
consider its completed version. So let ^ be a complete bornological algebra. 
Recall that the de Rham-Karoubi homology 65 on VlA is generated by the 
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subsets lJn>o [„/2]! ^ ^ S"^", for any small set S £ 6(^). The completion of 
with respect to this homology is ClsA. Let fi^ylti tie the completion of 
ri5^/[il5^, il^yl] with respect to the quotient homology, and \\ : flsA ^sAi, 
be the natural bounded map. The composition [\d : ClsA — > ria-Ai^ is bounded 
and vanishes on the commutator subspace [fJ^y^, fi^y^], thus it factors through 
a well-defined bounded map tjd : QsA\j i^sA\f. One obviously has {\\d)^ — 0, 
whence a bornological complex. 

Definition 3.2 Let A be a complete bornological algebra. The entire de Rham- 
Karoubi cohomology of A is the cohomology of the 'Z,2-graded complex (flsAtf, [\d): 

i/d*R(-4) = H*{QsAti, , * = 0, 1 . (17) 

There is a direct relation between the entire cyclic homology and the entire 
de Rham-Karoubi cohomology. Let c' : ClA — s- ^A be the linear isomorphism 
sending the n-form aodai . . . dan to -^aodai . . . dan- It is also a bornological iso- 
morphism between (flA, 6^) and {QA, 6s), and thus extends to an isomorphism 
of complete bornological spaces c' : ^leA — > ilgA. It is easy to show that the 
composition [\c' : QeA — > ilsA\f is a bounded morphism from the (6-|-i?)-complex 
of entire chains to the de Rham-Karoubi complex, whence a natural (covariant) 
map 

HE,iA)^H*^^{A) , * = 0,1. (18) 

The entire de Rham-Karoubi complex arises in differential geometry, when char- 
acteristic classes of vector bundles are constructed from connections and curva- 
tures If we let A G n^A be a one- form with curvature F = dA + € Vl^A, 
then the Chern character form (here we omit some irrelevant 2'Ki factors) 

ch(A) = liexpF e ll^A (19) 

indeed defines an entire de Rham cocycle whose class lies in H^^{A). The 
use of exponentials will be crucial in our bivariant Chern character construc- 
tion, because it allows to combine heat kernel regularization with characteristic 
classes |^ . Also the entire de Rham-Karoubi complex will be an important 
intermediate step. 



4 A Goodwillie theorem 

One of the main properties of cyclic homology is the so-called Goodwillie theo- 
rem . Roughly, it asserts that periodic cyclic homology is stable when taking 
nilpotent extensions. In other words, ifO^A^^£^^A^Oisan extension 
of an algebra A, with is a nilpotent ideal in E, then A and E have the same 
periodic cyclic (co)homology. This has been generalized by Meyer in the con- 
text of bornological algebras and entire cyclic homology |2^, where algebraic 
nilpotence has to be replaced by the notion of analytic nilpotence. However, we 
don't need the whole theory of analytically nilpotent extensions here. Given a 
complete bornological algebra A, we will only be concerned with the universal 
analytically nilpotent extension 

Q-^ JA-^TA^ A^Q . (20) 
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Here the bounded projection TA A is induced by the muhiphcation map 
m : ai (8" ■ • ■ fX" a„ i— > ai . . . a„ , and J^A is its kernel. Using the identifi- 
cation TA ~ (fl'^^AjQ), the multipHcation map simply coincides with the 
projection of an even differential form onto its degree zero component. The 
canonical linear embedding cr^ : A ^ TA provides a bounded linear split- 
ting of the exact sequence (^o|). The Goodwillie theorem then claims that 
the projection homomorphism m : TA A induces an isomorphism between 
HEtf{TA) and HEtf{A). Moreover, the Chern character of m, corresponding 
to the class of the chain map X{m^,) : X{TTA) X{TA) in the entire bi- 
variant cyclic cohomology HEqJTA, A) , has an inverse in HEq {A, TA) . The 
latter is constructed as follows |24| . There is a unique bounded homomorphism 
: TA TTA such that o ~ cfta ° cr^, and it gives rise to a chain 
map X{va) ■ X{TA) X{TTA), whose cohomology class is the inverse of 
ch(m), i.e. ch(m) • [X{va)] = 1 in HEo{T A,TA) and [X{va)] ■ ch(m) = 1 in 
HEo{A,A). 

In this section we shall present a slightly different construction of the inverse of 
ch(m). It will be represented by a bounded chain map of degree zero 

7 : X{TA) n,TA (21) 

from the X-complex of TA to the {b + i?)-complex of entire chains over TA. 
Since {n^TAjb + B) is homotopy equivalent to X{TTA), the map 7 indeed 
defines a bivariant class [7] G HEo{A,TA). The explicit expression of 7 will 
be an important part of the bivarant Chern character. Our aim is to prove 



corollaries 4.4 and 4.5 below 



Before proceeding, we need some information about the homology of VifTA. 
The latter is the completion oiVLTA = 0„>o fl"-T A for the homology 6e(17T A) 

generated by the sets U„>o["/2]' for any small T G &{TA), where 
TA is already the completion of the algebra TA ~ (ri+.4, 0) for the homol- 
ogy 6an(f^+^) generated by [j^^^^S{dSY\ S G e(^). We could also ob- 
tain U,fTA after only one completion of a certain bornological space. Let 
DTA := ®„>o ^^''TA be the DG algebra of non-commutative differential forms 

over the non-complete tensor algebra TA, where Vl'^TA = TA <E) (T^)®" in- 
volves only algebraic (non-completed) tensor products. Endow QTA with the 
homology &{nTA) generated by the sets \J^y^[n/2]\f{dT)", for any smaU 
T G &iTA) = Sa„(r!+^). 

Lemma 4.1 The completion of the bornological space (flTA,&) is canonically 
isomorphic to ^l/TA. 

Proof: It is a direct consequence of the universal property of bornological com- 
pletions. Let us give some details. The natural map {OTA, &) [OTA, 6^) 
extending the arrow TA TA is clearly bounded. Composing with the univer- 
sal map {QT A,&,) ^ n,T A, we get a bounded map {flTA, 6) n,T A. We 
thus have to show that fl^TA is a solution of the universal problem associated 
to the bornological space {ilTA, &). Let W be any complete bornological space, 
and consider a bounded map / : ilTA W. Then the universal property of 
TA implies that there is a unique bounded map /' : flTA — *■ W factorizing 
/. From /' we then get a bounded map /" : ^leTA W, also factorizing 
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/. Moreover, the universal properties of completions imply that such a /" is 
necessarily unique, hence the complete space Q^TA identifies canonically to the 
bornological completion of {flTA, &). m 

The space of non-commutative forms flTA endowed with the usual bound- 
aries (6, B) is a (non-complete) bornological bicomplex. Consider the following 
subcomplex: 

e = bn'^TA © n"TA , (22) 

n>2 

which is stable by b and B. The quotient ^ITA/Q corresponds to the Z2-graded 
bornological complex 

X{TA) : TA ^ ^^TA^ , (23) 

whose completion identifies with X{TA). The projection tt : OTA ilTA/Q 
being bounded, it extends to a bounded chain map 

TT : VLJTA^ X{rA) , (24) 

representing a bivariant entire cohomology class [tt] € HEq{TAtA). It turns 
out that [tt] has an inverse [7] G HEq{A,TA), that we are going to construct 
as a bounded chain map 

7 : X{TA) n,TA . (25) 

According to the terminology of Cuntz and Quillen ^ , the non-completed 
tensor algebra TA is algebraically quasi-free. This means that there is a right 
connection V : fl^TA —> fl^TA, i.e. a linear map satisfying 

VxeTA, uje n^TA . (26) 

Equivalently, there is a linear map : TA — > fl^TA such that (^(xy) = 4'{x)y + 
x(j)(y) + dxdy for any x,y G TA. One obtains (j) from V by setting (j){x) := 
V(da;). To show that such maps exist, one can use the fact that TA is a free 
algebra, and construct (p recursively: 

0(a) := VaeA; ^(a (g) a;) = a(f>{x) + dadx \/a e A , x eTA , (27) 

and then \7(xdy) ~ x(f){y), Vx,?; G TA. In the remainder of the text we will 
always use these definitions of V and (j). Note that any other admissible map (j)' 
may be obtained from cf) by adding a derivation from TA to the T^-bimodule 
n^TA. 

Now extend V to a map fi'Ty^ fl^^^^TA for any n > 1 by the recursive 
relation 

V(wdx) {\7Lu)dx , Vw G n"^TA , xeTA , (28) 

then put (l)^\JB : n'^TA VL'^+'^TA for any n > 0. The latter extends the 
previous map (p to UTA. Explicitly one has 

<j){xQdxi . . . dxn) — V(l -I- K + . . . + K")(d.Toda;i . . . dx„) 

n 
i=0 
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for any Xj € TA. One can compute the successive powers of (f). It turns out that 
given an element x of TA, (f)^ {x) vanishes for k sufficiently large (depending on 
x). Indeed, let x — oi (g) a2 . . . a„. From the definition (p7|), one sees that 
for k = [n/2], (f)^{x) contains only terms of the form da; . . . dandai . . . da^-i or 
aidoi+i . . . dfli-i, and (t){ai) = implies 4)^^^{x) — 0. More generally, 4)^{ijo) = 
for any uj G VlTA and fc ^ 0. Consequently, the operator 1 — is invertible on 
OTA, because the power series 

oo 

= (30) 

only takes a finite number of non-zero terms on any to G VLTA. 

Proposition 4.2 i) For any n > 2, Vb + feV = —Id on fl^^TA. Hence V is 
a contracting homotopy for the b-cohomology of the subcomplex Q = bOF'TA ® 
e„>2f^"T^ ofnTA. 
ii) The map 7 : X{TA) — > ^ITA defined by 

TA3X ^ {l-(j))-\x) (31) 
n^TAi,5\\xdy ^ {1 - (P)-\xdy + b{x(l){y))) 

is a morphism from the X -complex of TA to the (b + B)-complex flTA. 

Hi) Let TT : flTA X{TA) be the natural projection. There is a contracting 

homotopy h : QTA flTA such that 

7ro7 = Id on X{TA) , (32) 
7 o TT = Id + (fe + B)h + h{b + B) on VlTA . (33) 

Proof: i) Let us first show that for any w G Vl'^TA, n>l, and x G TA one has 

V{xljj) — xVu) , V{lox) = Vlox — (— )"a'dx . 

The first relation is trivial. The second one is proved recursively on n. Suppose 
the relation is realized for n, then for any uj G f2"r^ and a;, y G TA 

\7{uidxy) — \7{ujd{xy)) — \/{LJxdy) — Vtjd(xy) — V(tja;)dy 

= Vw d{xy) - Vuj xdy + (-)"[jdxdy = V{Ljdx)y + {-)"ujdxdy , 

proving the relation for n + 1. Next, any element of fl"TA, for n > 2, is a sum 
of elements like ujdx with uj G il''~^TA, x G TA. Thus 

{Wb + bW){ujdx) = (-)"-iV[w,x] +6(Vwdx) 

= i-r'\yujx + (-)"cjd.T) - {-r-^xVuj + (-)"[Vw,a;] 
= —Lodx , 

which concludes the proof. 

ii) First, the injection xdy xdy + b{x(l){y)) vanishes on bfl^TA = [TA, il^TA] 
(see |l^ §7), hence is well-defined on n^TA\j. Therefore 7 is well-defined. Next, 
since = VB one has (t)B = 0. Also 6V + V6 = -Id on Q'^^^TA, thus the 
relation b(j)-(l)b = bVB - VBb = -(1 + V6)B - VBb = -B holds on Q'^^^TA. 
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This imphes {1 — <j)){b + B) = b + B — (j>b — 6(1 — 4>), and composing from right 
and left by (1 — c/))^^ (which preserves the subspace ®„>i il"^TA) yields 

[b + B){1 - <j))-^ = {1 - (l))-^b on n^'^^TA. (34) 
Let X e TA. Using (|^ and (j)B = 0, one has 

7(^da;) = {1 - <l))-\dx + b(t){x)) 

OO 

= {j2r)B{x) + {i~c^y'b(t>{x) 

= B{x) + {b + B){l~(j))-^<j){x) , 

and since b{x) = one deduces 7(l]dx) = (fe + B){1 — (t))^^{x) — {b + B)j{x). 
Now let \]xdy G fi^Ty^^. One has 7(fet]xdy) = ^b{xdy) = (1 - (f>y^b{xdy). On 
the other hand, 

(6 + B)7(My) = {b + B)(l-cj))-\xdy + b{xcj){y))) 
= {1 b{xdy) 

by using (^4|). Hence (6 + B) o 7 = 7 o (tjd + 6), proving that 7 is a chain map. 
iii) One obviously has tt o 7 = Id on X{TA), whence a split exact sequence of 
complexes 

7 

^ e ^ QTA—^ X{TA) ^ . 

Let Q 7 o TT be the projection of ^ITA onto the image of X{TA). Then 
6 = KerQ, X{TA) ~ ImQ as complexes and UTA -90 X{TA). We now 
construct a contracting homotopy for Q. Let /i = (l — 0)^^VonO. One has 
hQ C 8 because the image of h are differential forms of degree > 2. Extend 
h to flTA by setting /i = on X(TA). Then a simple computation using ( ^^ 
and V6 + 6V = -1 on ff'^'^TA shows that (6 + B)h + h{b + B) = -Id on 9. 
Thus with h^{l- (/))~iV(l - Q) on flTA, one gets 

7 o TT = Q = Id + (6 + + /i(6 + B) , 

and the proposition follows. h 

Proposition |4.2| shows that 7 and tt realize inverse homotopy equivalences 
between X{TA) and ilT^. This is not very interesting at first sight, since the 
homology of these complexes is in fact trivial! However, these are bornological 
complexes and their completions compute the entire cyclic homology of A. The 
key point is that all the maps we have constructed are in fact bounded for the 
homology e{QTA): 

Proposition 4.3 The maps V,(/), (1 — (p)~^,h are bounded on flTA and thus 
extend to bounded linear maps on the completion fl^TA. Also, 7 is bounded and 
extends to a bounded chain map 

7 : X{TA) n,TA . (35) 
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Proof: Recall that the bornology &{^ITA) is generated by the collection of 
subsets U„>oK2]!r(dr)", for any small T G e(TA) = e^^i^+A). Wc will 
consider a set of generators of 6a.n{^^A) that will appear complicated at first 
sight, but it will simplify drastically the proof of boundedncss. For any S € 
&{A), we put Tn{S) =SQ {dSdS)'^ S, and consider the following subset of 

n+A: 

N 

V{S) = {2S + S^)U [JY, Tn{S) C n+A = TA . 

N>On=0 

We claim that 6an(^^+^) is generated by {V{S)\S G &{A)}. Indeed, by defini- 
tion 6an(^^+^) is generated by the set it ^ {[jn>o S{dS)^''\S G &iA)}. Then 
for any S £ &{A), \Jn>o S{dS)^"^ C y(S'). Conversely, given a small S in A, we 
have to show that V{S) is contained in the circled convex hull of elements of il. 
Let n e N, one has 

5 {dSdSr QS= ©5c 

C SidSf^'-^diSS) + S{dSf''-^d{S'^)dS + ... + {SS){dSf'' + {dSf'^+'^ , 

where the latter sum contains 2n + 2 terms. Let S' be the disk (SS)^, then we 
find 

N N+1 

^T„(5)c^((n + l)5'(d5'rT- 

71=0 n=0 

But the rescaling U = AS' implies 

N N+l _ ( ~ 

n=0 n=0 \n>0 

because the sum 1/2^"+-'^ is always less than 1. This shows that V{S) 

is contained in the disked hull of [Jn>oU{dU)^" . Consequently V{S) is small 
for the bornology &an{TA) as claimed, and G generates the 

analytic bornology of TA. 

We now show that (6 is bounded. For a small S G 6{A) let 

So daida2 ... da2n-ida2n a2n+i € Tn{S) C A . 

The identity (/>(a; y) = (t>{x)y + x4'{y) + da;dy for any x, y G TA, as well as 
(jf)(a) = QMa & A, imply (j){da\da2) = — daido2, and more generally 

<j)(do daida2 ... da2n-ida2n a2n+i) = 
daod{daida2 ... da2n-ida2n a2n+i) 

n 

+ y^(^ao daida2 . . . da2i-id(a2i ... a2n+i) 

+ao daida2 . . . d(a2i-ia2;)d((fa2,:+i(ia2i+2 ... a2n+i) 
-oo daida2 ... a2i-ida2id((ia2i+icia2i+2 ■ ■ ■ a2„+i)) . 

This implies (with T„ := Tn{S) for any n) 

.^(T„) c dSdT„ + ^(Ti_id(2S + 52)dT„_i)* 




16 



and 0(X]n=o^") contained in the disked hull of the sum dS'd(^„^Q T„) + 
(E^-o '7'n)d(2S' + S'^){J2n=p Tp). Furthermore, vanishes on A so that 0(25' + 
S^) = 0, and with V = V{S) one gets 

CNN P 
d5d(U J2 Tn) + (U E TnWS + S^){[j Tp) 
N 71=0 N ri-0 P n=p 

C {dVdV + VdVdVf = (V^d^dy)* . 

Now, the homology on flTA is generated by the sets lJ„[n/2]! y(dF)", for 

V = V{S), S e6{A). One thus has 

0(F(dV^)") = VB{V{dVy') c V((n + l)(dy)"+^)^ 

C {n + l)i(t>{V){dV)"f C {n + l){V{dVr+^f . 

(n + 1) grows polynomially, so that by rescaling V, one can find a small set 

V e ean(f^+^Wch that (/)(U„[n/2]!y(dy)") is contained in the disked hull 

of U„[l + n/2]! ?'(dy')"+^- Hence is bounded for the homology of QTA. 
Next, since V(xodxi . . . dxn) — xo(l){xi)dx2 . . . da;^; for any Xi G TA, V is also 
bounded. Let us now focus on (1 — 0)^^ — X]fc°=o ■ ^^r any V = V{S), one 
has 

oo 

(1 - <j)r\V{dVr) C ^(n + l)(7i + 3) . . . (n + 2fc + \){V{dVr+^'' f . 

k=0 

In fact, this is a finite sum on all elements of V{dVy^. Elementary estimates on 
the function n! show there is a constant number A such that (n+l)(rt+3) . . . {n+ 
2k + l) < A"+2fc+i [^^+^'/^l' . Hence (1 - (f>)-^{[n/2]\V{dV)") is contained in the 

disked hull of Efelol^ + n/2]\XV{\dV)'^+'^'' , and by the rescaling W = 2XV, 
one gets 

(1 - cj,)-'{[n/2]\VidVr) C l\J[p/2]\WidWr 

\ p 

Since W does not depend on n, this shows that (1 — (/i)"^ is bounded. 
It remains to study the morphism 7 : X{TA) flTA. By definition, for 
any x G Xq{TA) — TA, one has 7(0;) — {1 — (f))^^{x), hence 7 is bounded 
on Xa{TA). Let now Ijxd?/ e Xi{TA) = f^iTy^n- One has -/i\]xdy) = (1 - 
0)^^(xdy + b{x(j){y))). If we use the bornological vector space isomorphism 
^l^TA\f ~ TA (E) A, it is sufficient to evaluate 7 on the element \\xda € (g) A. 
Since 0(a) = 0, one has 'y{\]xda) = (1 — (j))~^[xda). We deduce that 7 is 
bounded, and also Q = jtt and /i = (1 — 0)^^V(1 — Q). ■ 




Corollary 4.4 T/ie chain map 7 : X(T^) ^ fl^TA is an homotopy equiva- 
lence. Its class [7] in the bivariant entire cyclic cohomology HEo{A,TA) is the 
inverse of [tt] G HEo{T A, A). 

Proof: By the universal properties of completions and proposition iii), one 
has TT o 7 = Id on X{T A) and o n ^ Id + [b + B, h] on il^T A. m 
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Corollary 4.5 Let m : TA A be the multiplication map, va : TA TTA 
the canonical hounded homomorphism, and 7,7r as before. Let also c : X{T-) — > 
be the bornological isomorphism ( pH ) and P the spectral projection onto 
the -invariant forms. Then the following diagram of chain maps commutes 
up to homotopy: 

X{TTA) — ^ n,TA (36) 

X{TA) 

Moreover, all the arrows are homotopy equivalences. 

Proof: Let k be the Karoubi operator on ^/TA. For any x,y G TA one has 
k{x) = X and K(xdy) = Ayx, hence the projection tt : fl^TA X{TA) is n- 
invariant: tt o k = tt. It foUows that tt is invariant under the spectral projection 
P, and TroPoc = TToc. Consider the composition of Unear maps 




X{TA) 



X{va) 



X{TTA) 



n,TA 



X{TA) 



A direct computation using the definitions shows that it is the identity on 
X{TA), hence n o P o c o X{vj{) = ldx{TA)- Since tt and Poc are homo- 
topy equivalences, one deduces that X{va) is also an homotopy equivalence. 
Next, the composition TA TTA TA is the identity homomorphism of 
TA. Hence X(to*) o X{vj\) = Idx(r^), and X(m,) is an homotopy equivalence 
inverting X{va). Since we know that 7 is the inverse of tt, we are left with the 
commutative diagram up to homotopy 



X{TTA) 



X{va) 



fleTA 




X{m,) 

X{TA) 

The bottom right corner of (|36| ) follows from the functoriality of rie(-) and 
X(T-), which implies r2e(m) oPoc = Poco X(m*). ■ 



5 Families of spectral triples 
5.1 Definition 

Let S be a Z2-graded complete bornological algebra. Given a Z2-graded com- 
plete bornological vector space Ti, we can consider the (graded) completed tensor 
product £ = Ti.'^B. Since the multiplication on B is bounded, the obvious right 
action oi B on Ti, iS) B extends to the completion £. This turns £ into a Z2-graded 
bornological right ;8-module, i.e. the following bilinear map is bounded: 

£xB ^ £ 
{h®hi,b2) i-> h®hih2 . (37) 

Denote by Endg(£) the Z2-graded algebra of bounded endomorphisms of £, 
commuting with the action of B. We always endow Ende(£) with the homology 
of equibounded endomorphisms, so that it is a complete bornological algebra. 
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Definition 5.1 Let A and B be complete hornological algebras. We assume A is 
trivially graded and B is 'Z2-graded. Then a family of spectral triples over B, or 
an unbounded A-B-bimodule, is a triple {£, p, D) corresponding to the following 
data: 



A 7i2- graded complete bornological vector space Ti. and the corresponding 
right B-module £ = Ti^B. 

A bounded homomorphism p : A ^ Ende(f ) sending A to even degree 
endomorphisms of £. Hence £ is a bornological left A-module. 

An unbounded endomorphism D : Dom(D) d £ £ of odd degree, defined 
on a bornologically dense domain of £ and commuting with the right action 
ofB: 

D ■ i^b) = (Z? • yie£ , beB . (38) 
D is also called a Dirac operator. 

The commutator [D,p{a)] extends to an element o/Ende(f) for any a G 
A. 



• For any t G , the heat kernel exp(— tZ)^) is densely defined and extends 
to a bounded endomorphism of £ . 

We denote by "^{A^B) the set of such unbounded bimodules. 

It is clear that this definition is an adaptation of the Baaj and Julg picture of 
unbounded Kasparov bimodules with C*-algebras replaced by bornological 
algebras. Remark however that we do not require the "resolvent" (1 + D^)^^ 
to be a compact endomorphism as in Kasparov theory. Instead, we deal with 
the heat operator exp(— tD^), and the compactness will be replaced by the so- 



called 6'-summability condition (see definitions 3.3 and 7.2). Roughly speaking, 
0-summability means that the heat kernel is a trace-class endomorphism for 
t > 0, a well-defined notion in homology. 

Before proceeding further, let us mention some simple examples of unbounded 
bimodules, in the case of a trivially graded algebra B: 

Example 5.2 Homomorphisms: ii D = and H = C"+ C"" is a finite- 
dimensional Z2-graded space (with fine homology), then the triple {£,p,D) 
reduces to a pair of bounded homomorphisms p± '■ A ^ (B) . If moreover 
^ = C, the latter is equivalent to a pair of idempotents e± = p±(l) S M„^(B). 
The difference "e+ — e_" then describes an algebraic ZC-theory class of B. 

Example 5.3 B = C: then *(yl, C) is just the set of triples {H, p, D). If H 
is an Hilbert space, D a selfadjoint unbounded operator and the heat kernel 
exp(— <£)^) is trace-class for any i > 0, then {Ji., p, D) is a 0-summable spectral 
triple over A. 

Example 5.4 ^ = C and p{\) = 1 e Endg(£): the homomorphism C 
End/3 (£) completely disappears. We view £ = TL®B as the space of sections of 
a trivial vector bundle over the non-commutative manifold B, and D represents a 
"family of Dirac operators" acting by endomorphisms on £. This also describes 
a if -theory element of B. More generally, if p{l) = e 7^ 1 is any idempotent 
in EndB(£), then by virtue of the Serre-Swan theorem, e£ is a twisted vector 
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bundle over B, and (e, D) represents a twisted family of Dirac operators. Clas- 
sically, such examples are provided by longitudinal elliptic operators on fibered 
manifolds or foliations ^ . 

5.2 Higher bimodules and formal Bott periodicity 

We shall introduce the higher unbounded bimodules. Let Ci = C © eC, be 
the one-dimensional complex Clifford algebra (with fine homology). It is a Z2- 
graded algebra generated by the unit 1 in degree zero and s in degree one, with 
= 1. For any n > 1, the n-dimensional complex Clifford algebra is the graded 
tensor product Cn = Cf", and by convention Cq = C. For any trivially graded 
complete bornological algebra B, the completed tensor product Cn®B (which 
also coincides with the algebraic tensor product) is thus a Z2-graded complete 
bornological algebra. 

Definition 5.5 Let A and B be trivially graded complete bornological algebras. 
For any n > 0, we set ^n{A, B) ^{A, Cn®B). 

It is well-known that, due to the formal Bott periodicity Cn+2 — M2{Cn), only 
the first two cases n — and n = 1 are relevant: 

• n = 0: One has '^o{A,B) = ^(A^B). Let {E,p,D) be such a bimodule, 
with S — H^B. The complete bornological space H is Z2-graded, hence it 
comes equipped with an involutive operator F, = 1, which splits Ti. into two 
eigenspaces 7i+ and H- of even and odd vectors respectively. Also the right 
i3-module £ splits into two eigenspaces £± = H±^B. We adopt the usual 2x2 
matrix notation 

The even (resp. odd) part of the Z2-graded algebra Ende(f ) is represented by 
diagonal (resp. off-diagonal) matrices. By definition the homomorphism p — > 
End/5(£) commutes with F, whereas D anticommutes. In matricial notations 
one thus has 

for any a ^ A. 

• n = 1: Let {£,p,D) € ■^i{A,B) = ^(A,Ci<^B). One thus has £ = n®Ci®B 
for some Z2-graded bornological space H. = H+®H- . We may write the graded 
tensor product 7i(8'Ci as the direct sum of its even and odd part: 

ni)Ci = {n+®n^)(E>{C®eC) ^ {n+®H-e)®{n+e®'H-)^]C®Ci , (41) 

where JC = 7i+©7i_e is a trivially graded bornological space. Hence the module 
£ is the direct sum of two copies of JC®B: 

whose right action of Ci®B is such that e flips the two factors. It follows that 
any endomorphism z G End(^^^g(£) reads 



X y 
y X 



(43) 
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with x,y £ EndB(/C(i);S). As a consequence, there is a bounded homomorphism 
a : Ende(/C(i);B) and an unbounded endomorphism Q : K.®B K.®B such 
that 

*)^(t'o(l,) --{li)^ '«) 

This is the general matricial form for an element of '^i{AtB). 

• n > 2: The study of an element {£,p,D) e *„(yi,S) = *(yl,C„«)6) is 
analogous to the previous one for We can reduce £ to a prod- 

uct K.®Cn^B for a certain trivially graded vector space /C, and consequently 
Endc,„^H(f ) = EndB(/C(8)S)«)C„. 

If n = 2fc is even, then C„ = M2(M2fc-i(C)) as a Z2-graded algebra, with stan- 
dard even/odd grading corresponding respectively to the diagonal/off-diagonal 
2x2 block matrices. It follows that Endp^^g(f ) = M2(Ende(/C(g)C2'°"'(g)6)) in 
2x2 matrix notation. The homomorphism p and the Dirac operator thus de- 
compose as in ( |4C| ) . This shows that up to stabilization by matrices of arbitrary 
size, the elements of '^2k{A,B) correspond exactly to the elements of \E'o(^, S). 
If 71 = 2A; + 1 is odd, one has C„ — M2k{C)^Ci as a Z2-graded algebra, where 
M2fe(C) is trivially graded and Ci has its natural graduation. Consequently, 
Endp^^g(£) = Ende(/C(i3C^ ®S)^Ci. The homomorphism p and the Dirac 
operator thus decompose as in (^); hence up to stabilization by matrices, 
^2k+iiA,B) corresponds to ^i{A,B). 

All in all, due to formal Bott periodicity there are only two different sets 
of bimodules, the even ones ^o(-4, S), and the odd ones ^i{A,B). In both 
Z2-graded module splits into the direct sum £' = £+©£'_, according to 
which the homomorphism p has a diagonal form, and the Dirac operator D is 
off-diagonal. 

5.3 Properties 

Let A and B be trivially graded complete bornological algebras. It is readily seen 
that \E'*(.4, B), * = 0, 1, is a semigroup under direct orthogonal sum: {£, p, D) 4- 
{£',p',D') = {£ ®£',p® p',D® D'). Since we don't deal with C*-algebras, 
there is a priori no reason to find an interesting composition product '^{A, B) x 
\E'(B,C) '^{A,C) as in the case of Kasparov's theory. Nevertheless, Vl/ is a 
bimodule over the category of bornological algebras in the following sense. If 
we let Mor(^, B) C ^'o(-4, B) be the set of bounded homomorphisms from A to 
B, then there is a well-defined left product Mov{A,B) x ^'*(6,C) -^.^{A,C) 
given by 

'p-{£,p,D) = {£,po^^D) , (45) 

with £ = TL®C. For the right product we must consider the unitalizations B 
and C. Let {£, p, D) e ^*(^, B) with £ — H^B, and consider a unital bounded 
homomorphism ip : B ^ C. Then the right product ^'»(yl, S) x Mor(S,C) 
"^^{A^C) reads 

{£,p,D) ■ ip {£(g)^C,p®ld,D®ld) (46) 
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where £®ipC is canonically isomorphic to Ti<S>C. Our aim is to construct a Chern 
character map 



ch : ^'i{A,B) ^ HE^{A,B) , * = 0, 1 , 



(47) 



with dom ain the strongly 0-summable unbounded ^-;B-bimodules (see defini- 
tions x3 and |7.2| ), and range the bivariant entire cychc cohomology of A and 
B. This Chern character has to be additive, invariant under differentiable ho- 
motopies (definition |6.6| ) and functorial with respect to A and B, which means 
that the following diagram commutes: 



Mot{A,B)x *^(6,C) 

HEoiA, B)xHE,{B,C) 
and similarly for the right product (^6|). 



*^(AC) 



ch 



(48) 



HE4A,C) 



6 Algebra cochains and superconnections 

Let A and B be trivially graded complete bornological algebras, and B the 
unitahzation of B. To any unbounded bimodule {£,p,D) e 'i'^,{A,B) verify- 
ing suitable 0-summability conditions, we will associate a bounded chain map 
x{£,p,D) from the {b + i3)-complex of entire chains ft^A to the X-complex 
X{B). This morphism, playing a central role in the bivariant Chern character, 
is obtained from the exponential of the curvature of a superconnection, as in the 
Bismut-Quillcn approach to the family's index theorem |3T| . To do this, we 
adapt the theory of algebra cochains developed by Quillen to the bornolog- 
ical framework. For convenience, we postponed in appendix a self-contained 
account of Quillen's formalism. 

6.1 Bar construction 

Let ^ be a complete bornological algebra, flA = 0„>o ^"A the (6, i?)-bicomplex 
of noncommutative forms over A, with ^l^A = A^A^" . We use the bar complex 

B{A)^^B4A), (49) 

ji>0 

where 'Bn{A) = A^" and 'Bo{A) = C. Recall (appendix) that 'B{A) is a graded 
coassociative coalgebra. The coproduct A : B{A) B{A)^B{A) is given by 

n 

A(ai (g) . . . g) a„) = ^(ai g) . . . (g Oi) g) (a^+i g) . . . (g) a„) , (50) 

4=0 

for any aj E A. Furthermore, one has a boundary map b' : B{A) B{A) of 
degree —1: 

n-l 

b'{ai (g) . . . (g) a„) = ^(— )''+"^ai (g . . . (g OiOi+i (g . . . (g a„ (51) 

4=1 
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verifying 6'^ = and A6' = {b'(g)ld+ld(g)b')A. Thus B{A) is a graded differential 
coalgebra. There is an associated free bicomodule ^iB{A) = B{A)^A^B{A), 
with left and right bicomodule maps 

A; = A o Id (g) Id : niB{A) B{A)miB{A) , 

Ar = Id O Id (g) A : QiBiA) niB{A)(k^{A) . (52) 

niB{A) is endowed with a differential b" : niB{A) niB{A), b"^ = 0, 
compatible with the bicomodule structure and b' (see appendix). There is also 
a projection d : Q.\B{A) — > B{A) defined by 

d{ai (g) . . . (g) ttj-i) (g a, (g (ttj+i (g . . . (g a„) = ai (g . . . (g a„ . (53) 

It is a coderivation (A9 = (Id(g5)Ai + (9(gId)Ar) and a morphism of complexes 
[db" = b'd). The last operator we need is the injection \\ : Q,A — > 0.\B{A): 

n 

tl(aodai . . . dun) = X^(-)"''+^' (^i+i (g • • • (g a„) (g ao (g (ai (g . . . (g a^) , (54) 

for any ao in the unitalization ^ = C © ^ and Uj G A. Then 1^ is a cotrace, see 
appendix. 



We now endow the bar complex and its associated bicomodule with new 
homologies satisfying the entire growth condition. Let &f:{B{A)) be the homol- 
ogy generated by the sets lJ^>Q[n/2]! S*®" for any S G ©(.4). We denote 
by B^{A) the completion of B{A) with respect to this homology. Also, let 
&,{n{B{A)) be the homology generated by U„,p>o[(" + ('5®") O 5' (g 

(S'^'P), S G &{A). The corresponding completion fliBe{A) identifies with 
B^{A)^A^B^{A). 

Lemma 6.1 All the maps A, Ai^r,b' ,b" ,d,[\ are bounded for the entire homol- 
ogy and thus extend to the completions Bc{A), fliBf (A) and flfA. 

Proof: It is a direct consequence of the definitions. Let us for example check the 
boundedness of the coproduct A on B{A). For any small S G &{A) one has 

n 

A([n/2]!S®") C [n/2]!^(5®0 (^^(n-i)^ 

c ± m^^kiw. (^^^/'^'^"^ ^ ^t^" - .)/2]!5-("-)))^ . 

But there is a constant A such that [j/2]/[(w-i)/2]! — ^'^^ ^ ^-"^"^ i < n, so 
that A([n/2]! S'®") is contained in 

/ n ^ 

A"(n + 1) 53 -i[i/2]\S^') ^ ([(n - i)/2]!5®("-*)) 

The sum over ? lies in the circled convex hull of the set ([J„i[m/2]IS^™) (g 
(U [p/2]!S'®^'), hence by rescaling appropriately S, one can find a small T G 
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&{A) such that 



A(U[n/2]! 5®") C I (U[m/2]!T®-) ® (U[p/2]!T®f) , (55) 

n \ m P / 

and the conclusion foUows. The other operators are treated similarly. ■ 

In particular, the completed bar complex is a Z2-graded differential coal- 
gebra, and QiBe{A) is a iJe(^)-bicomodule. All the results of the appendix 
extend also to these completions. 

6.2 The bimodule ^sS 

Let A and B be complete bornological algebras, B the unitalization of B, and 
consider an unbounded bimodule {£, p, D) e '^^{A, B). One thus has £ = H^B 
for some complete Z2-graded bornological space H; p is a bounded homomor- 
phism from A to the even part of Endg(5) and D : £ ^ £ is a.n unbounded 

endomorphism with dense domain. Let VlgB be the unitalization of the complete 
DG algebra ClsB. Recall that the latter is the completion of ClB with respect to 
the de Rham-Karoubi homology. By definition the unit 1 S ^sB verifies dl = 0. 
Since f is a bornological right fi-module and QgB a left S-module, we can form 
the completed tensor product over B: 

QsS := £(§gn5B . (56) 

Since B is unital, fi^f identifies with Ti^Q,sB. The space il^f is naturally a 
Z2-graded complete bornological right fJ^B-module, endowed with a (bounded) 
differential d induced by d{h®w) := (— )l''l/i(g)da; for any /i(g)a; € T-L^VlsB. Here 
|/i| is the degree of the homogeneous element h gH. 

Let £ = FindQ^g{Qs£) be the Z2-graded complete bornological algebra of 
bounded endomorphisms of ils£. It has a differential induced by the differential 
on fls£: for any x G C, one has dx = do x — {—)^'^^x o d. C has a unit Ic 
corresponding to the identity endomorphism of fls£, satisfying die = 0; hence 
£ is a complete unital DG algebra. 

Any endomorphism y G End^{£) gives rise to an endomorphism of fls£ by 

y ■ (E) Lo) = {y ■ S,) to \/£,® uj e £®^?lsB , (57) 

whence a bounded homomorphism Endg(5) C. Composing p with this map 
yields a bounded representation of A into £, hence ^s£ becomes a complete 
bornological ^l-fi^B-bimodule. In the subsequent constructions we will need 
to extend the homomorphism p : A ^ C to the unitalization A by setting 

Next, the endomorphisrn^£> : £ ^ £ being unbounded, it may fail to extend to 

the completion of f ^sB- Therefore we have to assume that D is a densely 
defined unbounded operator on ^s£, commuting with the right action of ^sB. 
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6.3 Trace- class endomorphisms 

Let £ = T-i®B be a Z2-graded right ,B-module, and consider the complete 
bornological space £' consisting of bounded right S-module maps £ ^ B. 
In other words, ^he action of £' on £ is given by a bounded bihnear braket 
( , ) : £' X £ ^ B satisfying 

{v,^b) = {v,Ob yvG£',^G£,bGB. (58) 

Then £' is naturally a left B-module: for any v G £' and b £ B, the product 
bv e £' is defined by {bv, (,) = b{v, 0, e £. 

Definition 6.2 The algebra of trace-class endomorphisms of£ is the 'L2-graded 
complete bornologieal algebra (-^{£) = £®g£' . 

The product on (.^{£) is induced by the braket: 

{il<»Vi)-{^2<»V2)=^l{vi,£,2)<^V2 y^iG£,ViG£'. (59) 

Also, £^{£) acts on £ by bounded endomorphisms: one has a bounded bilinear 
map i^{£) X £ ^ £ sending (^i ig) v,^2) to ^i{v,^2), compatible with the right 
action of S, whence a canonical bounded homomorphism £^{£) Endg(£). 
This map may fail to be injective in general. Finally, £^{£) is a Endg(f)- 
bimodule, the left multiplication Endg(f ) x i^{£) £^{S) corresponding to 

(a;, ^ O w) a;(0 O w (60) 

for any x € End^{£) , e £, v e £\ and the right multiplication i^{£) x 
Endg(£: ) i^{£) sends (^ v,x) to ^ {v o x). 

Let us now turn to partial supertraces. We first define a map Tr : f f — > B 

by 

Tr((/i(8)6)(8)w) = (-)l''ll''l6(w,/i(g)lg) \/ b e £ , v e £' . (61) 

Note the sign appearing in the r.h.s depending on the degrees of the graded 

elements h E H and v E £' . Moreover this map is well-defined on £ £' and 
bounded, hence it extends to a bounded map on the completion 

Tt:£\£)^B. (62) 

Tr is a partial supertrace on £^{£) viewed as a Endg(5)-bimodule. This means 
that, if we compose by the universal trace [\ : B ^ Bt^ = {B/[ , ])compieted (see 
appendix), the resulting bounded map \(Tr : i^{£) — > B|, vanishes on the super- 
commutators [£^{£),End^{£)]. 

The same discussion holds for the right fi^B-module Cls£, with some im- 
provements due to the presence of the differential d. Here the space {fls^Y 
of bounded right fi^S-module maps from fi^f to ^sB is a graded (complete) 
left fi^'S-modulc, also with a differential: for v € (fi^f)', one puts dv = 
dov~ {~y^^vod. Consequently the set of trace-class endomorphisms £^{fls£) := 
ils£^Q^s(^^£y is a DG algebra (in general non-unital), the differential corre- 
sponding to 

d{^(g)v) = d^(g)v + i-)^^^^(g)dv € ns£ , V G {^ls£y , (63) 



25 



and it is well-defined on £^{ns£) because d{£^(^u}v) = d{(_u!(^v) for any lu G flgB. 
It is also easy to show that the natural bounded map i^{Qs£) End^^g(r25f ) = 
£ is a DG algebra (and £-bimodule) morphism, and that the partial supertrace 
Tr : i^{Qs£) — * ^S^^ commutes with d. 

6.4 Superconnections 

We are ready now to introduce the fondamental chain map x- Let {£, p, D) G 
^^{AtB) be an unbounded bimodule. As above, B^{A) denotes the com- 
pleted bar coalgebra of the unitalization of A, with coproduct A : Bf^{A) 
B^{A)®BrXA)., and C = End^^^j^{ns£) is the imital DG algebra of boimdcd 
endomorphisms on fls£, with product m : L®L C The space of bounded 
linear maps _ 

'R = Rom(B,{A),C) (64) 

is a Z2-graded complete bornological algebra for the convolution product fg = 
m o (/ (g) 5) o A, V/, g GTZ- The differentials d on £ and b' on B^{A) induce two 
anticommuting differentials on TZ, 

df = dof, <5/ = _(_)i/i/o6' , yfen, (65) 

which moreover satisfy the Leibniz rule for the convolution product. Associated 
to the -Be (>l)-bicomodule fliBf{A) is the Z2-graded 7?.-bimodule (see appendix) 

M = Hom(OiBe(^),£) , (66) 

the left and right multiplication maps being respectively given by /7 = m o (/ 
7)oA/ and 7/ = mo[-f(^f)oAr, for any f £ TZ, -f £ M. M is also endowed with 
two anticommuting differentials d'y = do j and 5j = — (— )'''''7 o b", compatible 
with the 7?.-bimodule maps. Last but not least, the transposed of the canonical 
coderivation d : QiB^{A) Bf{A) yields a bounded derivation d : TZ ^ M, 
commuting with d and 6. 

Let us now consider the bounded homomorphism p : A ^ Endg(£). We 
know that it ^ives rise to a bounded homomorphism from ^ to £, and we 
extend it to A by imposing p{i2) ^ Next, since the projection B{A) — > 
Bi (A) = ^ is clearly bounded for the entire homology, it extends to a bounded 
map Bf{A) A. Then composing with p : A ^ C, we obtain a linear map of 
degree 1, which we also denote by p: 

p e Hom(S,(l),£) =TZ , \p\ = 1 . (67) 

We go back to the right O^B-module O^f. The action of the algebra of endo- 
morphisms £ — End^^g(f2jf ) yields a bounded map m' : C^Cls^ — * 0^5. We 
form the left 7?.-module 

^ = Hom(Be {A),ns£) ■ (68) 

The module map TZ x T ^ T comes from the convolution product f • £, = 
m' o (/ (g) ^) o A, V/ E TZ, (, E T. It is immediate to check the compatibil- 
ity of this action with the product on TZ: the coassociativity of Bg{A) implies 
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f ' {g ' — if 9) ■ C- The differentials d on flsE and b' on Bf{A) imply as above 
that is a bidifferential 7?.-bimodule: one has = do ^ and 5^ = — (— o b' 
for any ^ G JF, and these differentials are compatible with the ones on TZ, i.e. 
dif-0^df-^+ (-)!/!/ • and S{f-0^5f-C+ (-)!/!/ • 5^ for any / e 7^. 
The last ingredient we have is the Dirac operator D acting on flsS as an un- 
bounded endomorphism of odd degree. We assume the induced unbounded 
linear map D : T J- has dense domain. Remark that if D were bounded, it 
could be considered as a bounded homomorphism from C = Bq{A) to C and 
thus would define an element of TZ. The map D : T ^ T would correpond to 
the left action of this element. The unboundedness of D however prevents us 
to consider it as an element of TZ. 

We now introduce a superconnection T) : T ^ T 

V = 5-d + p + D , (69) 

where p is the odd element of TZ induced by the unital homomorphism p : A C 
and D is the odd unbounded operator on T. For any 01,02 € A one has 
Sp(di,a2) — pb'(di,a2) = p{a{d2) and /9^(ai,a2) = — p(di) p(d2) ■ Since p is an 
homomorphism, it follows that 6p + p^ = 0. Furthermore D can be viewed as 
a 0-cochain on the bar complex, hence 6D — D o b' = 0. This implies that the 
curvature of V reads 

= {S - d){p + D) + {p + D)^ 

= -d{p + D) + [D,p]+D^ . (70) 

Because of the terms and dD, the curvature is an unbounded operator of 
even degree acting on J-'. In the following, we want the heat kernel exp(— tl?^) 
to be a bounded operator on !F, hence defining an element of TZ. We first have to 
precise the meaning of the heat kernel of T>^. Using a Duhamcl-type expansion, 
we write for any t € R+ 

exp(-il?2) ^ ^(_t)« / dsi... ds^ e-*^°^'ee-*^i^' . . . Ge-*^"^' , (71) 

n>0 



where A„ is the n-simplex {(sq, . . . , s„) G [0, 1]"+^| Si = 1}, and 9 = —d{p- 



D) + [D,p\. By hypothesis (definition 5.1), the heat kernel exp(— wZ) ) is a 
bounded endomorphism of £ for any u £ R+, hence defines an even element of 
TZ. Also, the commutator [D,p] takes its values in Endg(£) and thus lies in TZ. 
However Q may not be in TZ because dD is not necessarily a bounded operator on 
J-. Therefore, we must impose exp(— uZ?^) to be a regulator, so that each term 
of the Duhamel expansion is bounded (hence in TZ), and that the series itself 
converges bornologically. This is part of the content of the following definition. 



Definition 6.3 (Weak 6'-summability) Let A and B be complete bornolog- 
ical algebras. An unbounded bimodule {£,p,D) G ^/^{A,B) is called weakly 
0-summable iff the following conditions hold: 

i) Boundedness condition: the heat kernel exp(— tl?^), given by the power series 
([Tip, converges bornologically to an element of TZ = Hom(i3e(^), £) for any 
t G R+. 



27 



ii) Trace-class condition: the natural homomorphism £^(fls£) L is injective, 
and for any t > 0, the heat kernel lies in }iom{Bg{A),£^(fls£))- 

Recall there is a derivation of degree zero d : TZ ^ M. Thus for p € TZ, dp G 
M. is odd. Assuming the ^-summability condition 6.3, we form the following 
odd element of M: 

pi _ _ 

^= dte-*^'(9pe(*-i)^' : niB,{A) ^ (.^{VlsE) . (72) 
Jo 

Then composing p by the cotrace t] : Q,^A —+ rtiB^{A) yields an entire cochain 
on the {b + _B)-complex of A, namely p[\ E }iom{nfA,£^{ils£))- 

Proposition 6.4 The bounded map p\\ : fl^A £^{fls£) satisfies the Bianchi 
identity 

p\\{b + B) + [p, p + D]\\ = dp\\ . (73) 
Proof: One has d{V^) = dVV + V&D = [V, dp], thus 

[V,p] = /'dte-*^'[I?,9p]e(*-i)^' = /'dte-*^'5(I?2)e(*-i)^' = -de-^" , 
Jo Jo 

which is equivalent to {6 — d)p -\-[p + D,p\ = — 5cxp(— I?^). Thus composing 
with the cotrace t], one gets (recall p is odd) 

5p\\ + de'^'^\ + [p,p + D]\i,^ dp\i, . 

Now from lemma |A.1| one has 5p\\ — p\]b. Moreover, exp(— 12?^) is an even 
element of TZ. It vanishes if one of its arguments is equal to the unit 1 € A, 
because it involves the commutator [D,p\ and the differential dp. Thus lemma 
A. 2 implies 

/■I 



p\iB= Cdte-''^" dp e^'-^^^\B = de- 
Jo 



and the conclusion follows. 



The next step is to compose p'^ with a partial supertrace r on the superal- 
gebra £^{^s£). Of course we have the canonical map Tr : £^[ils£) ^sB, but 
what we need is a little bit more complicated, depending on the parity of the 
unbounded bimodule {£,p,D) G ^*(^, K): 

a) {£,p,D) e \['o(vA, S): we have £ — Ti.<^B for a certain Z2-graded complete 
bornological vector space H = and Qs£ = H^^lgB is given its natural 

Z2-graduation. We simply take r as the even partial supertrace Tr: 

r = Tr : £\ns£) hsB 

{h(g>uj)(g>vi-*±uj(v,h(g)l^^,g) (74) 

for any h £ H, uj £ flsB, and v £ (ilsS)' ■ The sign ± depends on the parity 
of |/i|(|w| + \v\). The bounded map Tp\] : ^^A flsB is thus an even entire 
cochain, i.e. it sends an even (resp. odd) entire chain on A to an even (resp. 
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odd) chain in the dc Rham-Karoubi completion of forms over B. 



b) {£,p,D) E S): in this case, £ = IC(§Ci^B for a trivially graded 

bornofogical space JC, and fls£ — JCiS^CiiS^H-sB. The operators p and D, acting 
by endomorphisms on Qs£, commute with the right action of the Chfford alge- 
bra Ci. Since the map /^t] : fl^A £^{fls£) is made out of p and D, its range 
must lie in the trace-class endomorphisms of fls£ commuting with Ci. This 
subalgebra of £^{Qs£) identifies with i^{lC^(lsB)^Ci. Therefore, we choose 
the partial supertrace r : £^ (JC^flsB)iS^Ci — > flsB to be the tensor product of 
the canonical (even) partial supertrace Tr : i^{ICi^flsB) —>■ flsB with an odd 
supertrace C : Ci — > C. The latter is unique up to a multiplication factor, 
because the universal supercommutator quotient space Cij, :— Ci/[Ci,Ci] is 
one-dimensional. This normalization factor can be fixed uniquely by imposing 
the compatibility of the bivariant Chern character with suspension an Bott pe- 



riodicity. This is done in section B.2. One finds C(e) = v2i and C(l) = 0. Thus 



the partial supertrace r is odd and reads 

r = Tr O C : e\K:i)hsB)i)Ci hsB (75) 
X + ey ^ V2iTr{y) \/x,y £ £^{1C®?16B) . 

The bounded map r/it] : U,^A — » Q.sB is then an odd entire cochain, i.e. it sends 
an even (resp. odd) entire chain on A to an odd (resp. even) chain on B. 



For any n > 0, let p„ : ilB il"B be the natural projection. It is bounded 
for the de Rham-Karoubi homology &s{^B), hence extends to a bounded map 
on the (unital) completion p„ : (igB — > V,"-B. We denote by fJ^S^ the completion 
of the commutator quotient space il^B/[B,V,^B], and by \\ : il^B fl^B^^ the 
bounded map induced by projection. We set xo — Pqtii^ : fl^A B and 
Xi — tlPiT/ut] : fleA fl^Bif. These are the components of a bounded map from 
the space of entire chains on A to the X-complex of B: 

X{£, p, D) e Hom(aA X{B)) . (76) 

X has the same parity as the unbounded bimodule {£,p,D). The components 
Xo and xi can be expressed explicitly through the map po : ^iBe{A) —> £^{fls£) 
defined by 

po= f dte-''dpe^'-'^' , (77) 
Jo 

with 9 = + [D,p]. The exponentials of 9 have a Duhamel expansion 

The map r/iot] is valued in B and xo is its projection onto B. On the other hand, 
the composition tjpir : £^{ils£) — > ft^B\f is a trace, which implies that \\piT ■ \\ is 
a trace on the 7^-bimodule A4 (see appendix A4). One thus has 

^^Tp.^ = [\piT / dte'*^"dpe^'~^^^\ = [\piTdpe~^\ , (79) 
Jo 
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hence ^ 

XI = ^Tdp I dt e-'U{p + D) e(*-i)^^ = '^T^lod{p + D)^. (80) 
Jo 

Proposition 6.5 x a morphism from the (b+B)- complex of entire chains on 
A to the X -complex of B, i.e. xo° (b + B) = ±60x1 and Xi°{b + B) = ±\\doxo, 
the sign ± depending on the parity of x- 

Proof: i) xo(& + B) = ±6x1: Composing eq. ( fz^ ) with the trace r : £^{Qs£) 
il,sB yields the equahty of Hnear maps Tp,\]{b + B) + t[p, p + D][\ — Tdp\\, and 
projecting the range of these maps onto B, one gets 

Tpo\\{b + B)+T[^io,p + D][\ = . 

We shall use the left and right bicomodulc maps 

A, : niB,{A)^B4A)miB,{A), 
Ar : niB^A) niB,{A)^B,{A) , 

as well as the graded flip a : fliBg{A)^Bf{A) ^ B^{A)^il,iB^{A) exchanging 
the two factors (with signs). The bounded map [\ : U^A fliBf{A) is a 
cotrace, which means ctA^I] — Ajt] and aAi\\ — Ar\\. Let m : £ denote 

the multiplication and a' : C ® C ^ C ® C the graded flip. Then if we treat 
formally dD as an element of £, we can write 

Xi = \\THQd{p + D)\\ = \\Tm{po «) d{p + D))Ar\\ . 

Now let X E f^^{£) and y £ Endg(£). The tracial properties of r imply 
b\\T{xdy) — (— )l'^l+l'^lT([a;, y]) or equivalently 

b\\T{xdy) = (-)l''l+l^lrm(a; (g) y - a'{x ® y)) . 

So we have 

bxi = -{-)^^Wm{po(E){p + D)-a'{po<E){p + D)))Ar[\ 

= -{-tWpaip + D)^ + {-)\^Wma'{po ®{p + D))a^ Ar'^ 
because tr^ — Id, and since ^'(^o ® [p + D))(t = —{p + £>) (g) /iq, one gets 
bxi = -H\^Wpoip + D)\i-{-)^^Wmiip + D)(g>po)Ai\\ 

= -{-y^W[po,p+D]\i = {-y-Wpo[\{b + B) . 

But the range of 6 lies in B C B, so that Tp,o\\{b + B) takes its values in B, hence 
Tp,o\]{b + B) — xo{b + B), whence the result. 

ii) Xi(6 + i?) = itjdxo- Projecting the range of eq. ( [73| ) onto fl^Bt^ yields 
\]Tp,od{p + D)'d{b + B) — l]rd/iotl because tjr • t] is a trace on M. Furthermore, 
we know that the canonical supertrace Tr on i^{fls£) commutes with the dif- 
ferential d, hence dr = {—^'^Wd and [\Tdpoi\ = (— )'^'tlrf'''/^otl- The fact that \]d 
vanishes on the unit 1 £ B yields Xi(^ + -^) = (^)'^'Mxo as required. ■ 

The space of bounded linear maps llom{il.^A, X{B)) is a Z2-graded complete 
bornological complex, the differential of a map if corresponding to the graded 
commutator {\\d,b)oip—[—y'^\ipo{b+B). Hence the cocycles of Hom(r2e^, ^(^8)) 
are the bounded chain maps between il^A and X{B), and x(^, P, D) is a cocycle 
whose degree coincides with the parity of the 0-summable unbounded bimodule 
{£,p,D)€^M,B). 



30 



6.5 Homotopy invariance 



Wc have to show that the cohomology class of the cocycle x G Hom(51e^, ^(.8)) 
is invariant under suitable homotopies on the set of 0-sunimable unbounded 
bimodules. Prom the construction above, it is clear that the correct notion of 
homotopy is obtained by suspension. Lot [0, 1] be the algebra of smooth 
complex- valued functions on [0, 1], such that all derivatives of order > 1 vanish 
at the endpoints, while the functions themselves take arbitrary values at and 
1. Wc endow this algebra with the usual Frechet topology, generated by the 
countable family of norms 

n 

ll/IU = ^ - sup |/«(ar)| V/ e C°°[0, 1] , n e N . (81) 

The Frechet topology generates the bounded homology 5Bounc)(C°°[0, 1]), a sub- 
set being small iff it is bounded for all norms. This turns C°° [0, 1] into a com- 
plete bornological algebra. Given any complete bornological space V, we define 
its suspension as the completed tensor product 

V[0,1] := V(g)C°°[0,l] . (82) 

For any t e [0, 1], there is a bounded evaluation map evt : C°°[0, 1] ^ C sending 
a function / to its value f{t). This extends for any complete bornological space 
V to a bounded evaluation map evt = Id® ev( : V[0, 1] V. 

Let {£,p,D) e ^*{A,B), with S = n®B. The suspension f [0, 1] is a right 
module over the complete algebra S[0, 1], for the product 

{^®f)-{h®g) = ^b®fg V^ef , 6eB, /,5eC°°[0,l] . (83) 

Consider the canonical bounded map i : £ ^ f [0, 1] given by b{£) = ^ (8) 1 for 
any (, E £, where 1 stands for the constant function 1 G C°°[0, 1]. Given any 
(possibly unbounded) endomorphism Q : £[0,1] ^ £[0, 1] commuting with the 
right action of B[0, 1], we define the evaluation of Q at f as the endomorphism 
evt{Q) of £ corresponding to the composition 

evt(g) : £ ^ £[0, 1] ^ £[0, 1] ^ £ . (84) 



Definition 6.6 Let A and B be com,plete bornological algebras. Two unbounded 
bimodules {£o, po, Dq) and {£i, pi, Di) in \£'*(>l, i3) are differentiably homotopic 
iff£o = £i = H^B and there is an unbounded bimodule {£, p, D) e ^*{A, B[0, 1]) 
sMc/i that £ = Ti.<E)B[0,l\ and cvt{p) = pt, evt{D) = Dt for t = 0,1. Differ- 
entiable homotopy is an equivalence relation. A similar definition holds for 
6-summable bimodules, where the interpolating bimodule {£, p, D) has also to be 
6-summable. 

Proposition 6.7 Let {£,p,D) <E '^^,{A,B) be a 6-summable bimodule. The 

cohomology class of the cocycle x{£,PtD) in H^:{}iom{flcA, X{B))) is invariant 
with respect to dijjerentiable homotopies of 9-summable bimodules. 
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Proof: Let {£q, po, Dq) and {£i, pi, Di) be homotopic 6'-suniinable unbounded 
yl-S- modules. By definition there is an interpolating bimodule (£, p, D) e 
^*(^, S[0, 1]). One thus has £ = H^B[0,1] for a given complete bornologi- 
cal space H. Let il* [0, 1] be the (graded) commutative differential algebra of 
de Rham forms on [0, 1] with its Frechet topology. We endow n*[0, 1] with the 
bounded homology, and note dt the (bounded) de Rham coboundary. Consider 
the unital complete bornological DG algebra ^IsB^il* [0,1], endowed with the 
total differential d + dt- We shall mimic the construction of the map x before, 
with the right rtsB'^rt*[0, l]-module 

ns£ n^nsB^n* [0,1] . 

Then p and D lift to endomorphisms of ns£ as before, and we consider the 
superconnection D = 5 — {d + dt) + p + D acting on T — llom{Be{A),ils£)- In 
this way, one gets a bounded map 

pi _ _ 

p^ die-*^'5pe(*-i)^' : QiB.iA) ^ e\ns£) . 
Jo 

With the cotrace \\ : fl^A ftiB^{A) and the partial trace t : £^{il.s£) 
^lsB^^l*[0, 1], the analogue of proposition |6.4| yields 

Tp[iib + B) + T[p,p + D]^^i-y^\{d + dt)Tp^ . (85) 

For any n € N and k — 0, 1, we let pn^k be the natural bounded map from 
i}sB<^il*[0,l] to the tensor product i}"B'^n''[0,l]. Composing equation (|5|) 
with po,fc implies 

Po,kTp[\{b + B) + pa,kT[p, p + D]t] = (-)l^lpo,fc(d + dt)Tp\\ = {-)^'^^dfPo,k~iTp\\ . 

Next, the bounded map \\ : n'^B^n''[0,l] -> n^Bif^n''[0,l] is a trace because 
the algebra f7*[0, 1] is graded commutative. Thus composing (85) with \\pi^k 
yields 

\\Pi,kTp[\{b+B) = (-)l^'bi,fe(d+dt)r^t] = {-)^''^\\dpo^kTp[\ + {-)^^^\\dtPiM-iTp\\ . 

Moreover, since fl* [0 , 1] is graded commutative, the same computation as in the 
proof of proposition 'x5 shows that po,fc''"[A'5 P + = — (— )'^'6t]pi,fcr/il:], hence 
we get a couple of equations 

Po,kTp.\\ib + B) - (-)l^l%i,fcT/il] = {-y^^dtPa^k~iTp\\ , 
\iPi,kTp\\ib + B) - {-y'^^\\dpo,kTp\\ = {-y'^^\\dtPi^k-iTp\\ . 

For fc = 0, we introduce the notations Xo — PofiTfJ-^ ^nd xi — tlPi.o''"Mtl- They 
are the components of a bounded map x ■ ^eA X{B)iS)C°° [0,1], and the 
above equations yield the cocycle condition 

Xo(6 + S) -(-)!"!% - , 
Xiib + B)-i-y-\\]dxo = . 

If we compose x with the evaluation map evt : X {B)<^C°° [0,1] — > X{B), we 
recover xi^o, Po, Dq) iov t = and x{^1t Pi^ Di) for t = 1. Next, for k = 1, 
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define the Chern-Simons transgressions csq — pa,iT^\\ and csi = tjpi^ir/it]. Tliey 
form the components of a bounded map cs : il^A X{B)^il,^[0, 1], satisfying 

cso(6 + B)- (-)l-l6csi = (-)l^lrftxo , 
csi(6 + B)- (-)l-l^dcso = (-)l^ldtXi • ^ ^ 

Now, remark that the integration map of one-forms / : ^^[0, 1] — ^ C is bounded 
and extends to an integration map / : X{B)^n^[0,l] X{B). Furthermore, 

for any x G X{B)(g>C°°[0, 1], one has 



J dtX — evi(a;) — evo(a;) G X{B) 



Thus integrating ( |8^ ) shows that the difference x(^o,POj-Do) — x(^ij Pi, -Di) is 
the coboundary of J cs in the complex Hom(r2e^, X{B)), whence the result. ■ 

Let us speak about functoriality. We know that for any complete bornologi- 
cal algebras Ai,A2,Bi,B2, there is a left product Mor{Ai,A2) x 4'*(^2, ^i) 
^*(.4i,Si) given by (p- (£, p, Z?) = [E, poip^D) for any bounded homomorphism 
ip : Ai A2, and a right product ^'*(-42,Si) x Moi{Bi,B2) **(-42,^2) 
given by {£ , p,D) ■ ip = {£i^^B2, p Id, D (8) Id) where -0 : Si — > is a unital 
bounded homomorphism. Using the explicit construction of x in terms of p and 
D, one sees that it is functorial, i.e. the following diagram commutes: 

aA XiB^) (87) 



n,A2 ^X{B2) 

We collect the preceding results in a theorem: 

Theorem 6.8 Let A and B be complete bornological algebras. To any un- 
bounded 9-summable bimodule {£,p,D) G "^^{A^B), we associate a bounded 
chain map x(£,p, D) : fl^A X{B) of the sam,e parity. Its associated coho- 
mology class in H.^,{fl^A, X{B)) is invariant under differentiate homotopies and 
functorial in A and B. u 

Remark 6.9 In particular if I? = then /io — dp and the two components 
of x(£,p, 0) reduce to xo = PTdp\], where p is the projection B B, and 
Xi = \\Tdpdp\\. One sees that xo and xi are respectively a zero-cochain and a 
one-cochain on the (b + _B)-complex of entire chains over A, explicitly 

Xo(a) =pTp{a) , xi(aorfai) = [\Tp{ao)dp{ai) , (88) 

for any a, oq, ai G A. 

Remark 6.10 For any 0-summable unbounded bimodule, the composition of 
Tfj,[\ by the universal trace \] : flsB ^sBi^, yields a bounded map from the 
{b + i?)-complex of entire chains over A, to the (unitalized) entire de Rham- 
Karoubi complex of B: 

\\T^l\\e}iom{n,A,^lsBi^) . (89) 
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Proposition 3.4 implies that it is in fact a cocycle: \]Tfi\]{b + B) — {—y^'\]dT^\\ — 0. 
This cocycle was considered in a dual context for example in jl^ (without su- 
perconnection and in periodic theory rather than in entire cyclic theory) , and we 
know that it can be adapted to compute the action of unbounded representatives 
of KK{A,B) classes on cyclic cocycles over B (see [|| p. 434). 

Remark 6.11 In fact the construction of x works as well if p : ^ ^ Endg(iP) 
is simply a bounded linear map and not necessarily an homomorphism. In that 
case, the curvature 6p + oi p docs not vanish and has to be included in for- 
mula ([toI). One thus obtains some generalisations of the cocycles constructed 
by Quillcn in |]3^ , |33| . In the sequel we will always consider that p is an homo- 
morphism. 



7 The bivariant Chern character 

We are ready to construct a bivariant Chern character for unbounded bimodules 
satisfying some strong 0-summability conditions. Given two complete bornolog- 
ical algebras A and B, our goal is to lift an element {£,p,D) € ^^{A,B) 
to a TA-T B-himodule and construct the corresponding bounded chain map 
X '■ ^(T^A — > X{TB). Then composing x with the homotopy equivalence 
7 : X(TA) — > Vl^TA given by the Goodwillie theorem, we obtain a bounded 
chain map X7 G Hom(X(T^), X{TB)) whose class in the bivariant entire cyclic 
cohomology HE^,{A, B) is the bivariant Chern character of {£,p,D). 

So we fix an unbounded bimodule {£,p,D) e 'i'^,{A,B), £ — TL^B. Recall 
that r^anS is the completion of Q.B for the analytic homology G^aiVlB) generated 
by the sets Un>o S{dSy^, for any S € &{B). It is a complete bornological DC 
algebra for the product of forms and the differential d. We let ^lanB be its 
unitalization, with _dl = 0. Since the latter is a left S-module, we can introduce 
the analytic right fJan'S-module and its even/odd form part: 

rianf := £0gf2a„S , fi^ f := £0gr2^n'8 . (90) 

As a complete Z2-graded bornological vector space, ^a,n£ is isomorphic to 
H<^ila.nB, and^has naturally a bounded differential induced by d. Now endow 
the subspace f^anS of even forms with the (bounded) Fedosov product 

Wl W2 = — duJiduj2 Vwi, [^2 G ^tn^ ■ (91) 

The unit 1 e ^tn^ is also the unit for the Fedosov product, and the corre- 
spondence (0) shows that the associative algebra {V,'^^B, 0) is isomorphic to the 
unitalized analytic tensor algebra TB. Then, we can endow the Z2-graded space 
fi+n^ = T^^^tn^ ^itli ^ right action of this Fedosov algebra {^I'^^^B, 0) ~ TB: 

: 17+ £ X 6 -> 1]+ £ (92) 

where G i^an'^ ^.^ € ^^^-^B. It is easy to check that i^an^ is a right 
TS-module: (^ wi) 0^2 — & (wi W2) for any wi , 0^2 G ^^an'^ — '^^^ ^^'^ ^ 
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such it is isomorphic to the tensor product 'H®TB. Hence we have just hfted 
the S-module £ to a T;B-module. 

Let End^g(ri+j£) be the complete bornological algebra of bounded endo- 
morphisms of ^t.n^ commuting with TB. From the left representation p : 
A — *■ Endg(£), we want to construct a bounded homomorphism : TA — *■ 
End^g(r2+,£). First, we have a bounded linear map (not an homomorphism) 
p* : y4 — > Endfig{Q^^8) given by a Fedosov-type action: 

p,(a) e := p{a)( - dp{a)dC , e A , ^ e n+,£ , (93) 

where p{a) and dp{a) are viewed as elements of the DG algebra End^^ g(f2an^), 
while 5, c?^ are elements of fte,n£- One has p*{a) © (^ w) — (/3*(a) ^) 
for any ui S TB, hence p*(a) is indeed an endomorphism of ^tn^- This induces 
a representation (=homomorphism) of the non-completed tensor algebra : 
T^^End^g (!]+£) by 

/9,(ai0. . .0a„)0^ = p,(ai)0- ■ .0p*(a„)0^ , Vai0. . .0a„ G , ^ e rj+^f . 

(94) 

Under the identification TA ~ {n^A,Q), the above action reads 

p^(aodai . . . da2n) C = ipiao)dp{ai) . . . dp{a2„)) C (95) 
= p{aQ)dp{ai) . . . dp{a2n)£. - dp{ao)dp{ai) . . . dp{a2n)d^ 

for any aodai...da2n G ^^A, where p{ao)dp{ai) . . . dp{a2n) is viewed as an 
element of the DG algebra End^ g(r2an^)- In general, we don't know if the 
representation is bounded for the analytic bornology on TA. This is true, 
for example, when 7i is a Banach space endowed with the bounded bornology. 
In the following, we always assume that is bounded (this will be part of 
the strong 0-summability assumption below), and consequently extends to the 
desired bounded representation of the completion TA in End^g(f2+j£). 

Let us now deal with the Dirac operator D. It is an odd, unbounded endo- 
morphism of £, an extends to an unbounded endomorphism (with dense domain) 
of the right TS- module rian^ ■ Once again, we deform its restriction on 
into a Fedosov-type action: 

DQ^:=^D^ + dDdC , Ve e 0+ £ , (96) 

so that D (^ w) = (-D ^) w for any lu e ^tn^- In this way, D defines an 
unbounded endomorphism of the right T,B- module ^tn^- Note that the sign -|- 
in front of dD in eq. ( p6| ) is due to the odd degree of D. 

What we have obtained so far is the following. Starting from a bimodule 
{£,p,D) e ^^,{A,B), with £ = H^B, we constructed the right TS-module 
r2+^£ = Ti^TB, endowed with a bounded left representation p» : TA 
End.2^g(ri^jjf ), and with an odd, unbounded Dirac endomorphism D. It is 

natural to wonder if this lifted bimodule defines an element of '^/^{TA, TB). In 

general this may be false, because of the following reasons: 

a) For any x G TA, the commutator for the Fedosov action [Z?, (x)]© := 
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D p, (x) — D may not act by a bounded endomorphism on n+^f. 

b) The heat kernel for the Fedosov product^ given by the formal power series 

expQ(-tI?«2) ^ (Z^(^02)0« (97) 

n>0 

may not be a bounded endomorphism of rianf . In order to understand what we 
mean exactly by this exponential, we state the following lemma: 

Lemma 7.1 Let H be any (possibly unbounded) even endomorphism of fl'^^^S 
acting by a Fedosov-type deformation. Then the formal power series 
may be rewritten as a Duhamel-type expansion 



expQ H = / • ■ ■ '^^'^ e'"'"dHd{e''")dH . . . d{e''-'")dHd{e' 

n>0 



usi . . . asn e an a\e " jan . . . a\e " jan u\^r^"^^ 

'A„ 

(98) 

where e'''^ is the exponential for the usual product of endomorphisms. We call 
expQ iJ the Fedosov exponential of H . 

Proof: We establish a first-order differential equation for the Fedosov exponen- 
tial. For any t G [0, 1] and ^ S ^tn^^ '^^'^ 

^(expQ(ti?)0O = H Q exp^itH) Q ^ = {H cxp^itH) - dHdcxp^itH)) Q ^ . 

Thus ^ expQ {tH) — H expg {tH) — dHd expg (tH) . A well-known trick of per- 
turbative quantum mechanics is to introduce the interaction scheme I{t) :— 
e~*^ expQ(tiJ), for which the evolution equation reads 

^/(t) = -e-*"dHdex-pQ{tH) . 
Using the fact that /(O) — 1, the solution is expressed in integral form 

I{t) = 1- [ dse-^"dHdexpQ{sH) , 
Jo 

or equivalently 

expQ(iF) = e*^ - [ dse^*-'^"dHdexpQ{sH) . 
Jo 

The perturbative resolution of this equation gives rise to the result. ■ 

Substituting H by —tD^^ = —t{D^ + dDdD) in ( p8|) gives a power series of 
differential forms involving the heat operator exp(— sZ)^), which by hypothesis 
is a bounded endomorphism of E playing the role of a regulator, together with 
some derivatives dexp(— uD^), d{D^) and dDdD. The obtained formula is really 
the definition of expQ(— il?®^). The bornological convergence of this series in 
End^g(r2jjjj£) is part of the strong 0-summability assumption below. This being 
understood, we can perform the construction of the previous section with A, B, 
£ replaced by TA, TB, ^1+^5 respectively, and get a bounded chain map 

X(f^+ 5, p.^D): n,TA -> X{TB) . (99) 
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Let us recall briefly the main steps. We first form the right fi^TyB-module 
fi^fi+jf, and denote by {C,d) the DG algebra End^^^i^{nsi^tn^)- Then, using 
the completed bar complex B^{TA) and its associated bicomodule ^iBf^{TA), 
we consider the algebra TZ = Hom(i3j (T^), £) and its associated 7?.-bimodule 
M = lloTn{VLiB,XfA), £); then the left 7^-module T = Hom(B,(r^), 175^2+ £) 
endowed with two differentials d, 5] and finally the superconnection T) = 5 — 
d + p^, + D : T ^ J- . Since we want the heat operator exp(— tl?^) to define 
a trace-class element of TZ, the lifted T^-T,B-bimodule p,, Z?) must be 

weakly 0-summable. This leads to the strong version of 0-summability: 

Definition 7.2 (Strong 0-summability) Let A and B be complete hornolog- 
ical algebras. An unbounded bimodule {£,p,D) € is called strongly 

^-summable iff the following conditions hold: 

i) The homomorphism p» : TA — > End^g(r2+j£) is bounded for the analytic 
bornology on TA, and thus extends to a bounded representation of TA into 
End^g(ri^jj£). This turns the lift into a TA-TB -bimodule. 

a) The thus obtained lift , p*, -D), though not necessarily in '^^^{TA.TB), 

nevertheless verifies the weak 6-summability condition as stated in definition 

We denote by '^^^{A,B) the abelian semigroup of strongly 9- summable bimodules. 
Two strongly 0-summable bimodules are homotopic iff their lifts are homotopic. 

If the strong (?-summability conditions are satisfied, then from the odd element 
of 

^= / dte-*^'9pe(*-i)^' e Hom(l]iB,(ryl),^i(175J7+£)) , (100) 
Jo 

one gets the two components xo = Po^/ill and xi — '^Pi'''lA of the cocycle 
X{^tr,£i P*,D) e Hom(17eT A, X{TB)). Then composing x with the Goodwillie 
equivalence 7 e Hom(X(Ty^), VL^TA) of section ^ yields a bivariant entire cyclic 
cohomology class [x ° 7] G HE^, [A, B) . This is the bivariant Chern character of 
{£, p, D). Thus we are led to the following theorem: 

Theorem 7.3 Let A and B be complete bornological algebras. There is a bi- 
variant Chern character map 

ch:^l{A,B)-^ HE^(A,B) , * = 0, 1 , (101) 

sending a strongly 0-summable bimodule (£, p, D) to the bivariant entire cyclic 
cohomology class ch(£, p,Z?) := [x(il+j£, p», 13) o -"y] . The Chern character is 
additive, invariant for differentiable homotopies inside 'i>%A,B), and functorial 
in both variables. 

Proof: This is a consequence of theorem |6.8| applied to the lifted bimodule 
(ri+j£, p*, 13) and the fact that the Goodwillie map 7 is obviously functorial 
with respect to A. u 



Remark 7.4 The strong ^-summability condition 7.2 should not be taken too 
seriously. In concrete applications, it is sufficient to verify a posteriori that the 
composition map x°7 '■ X{TA) — > X{TB) is bounded. On the other hand, when 
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dealing with commutative algebras, one can replace the universal DG algebra of 
noncommutative forms by the smaller (graded) commutative algebra of de 
Rham forms over B, and similarly for the module Q£. In these circumstances, 
the 0-summability conditions are much less restrictive, and give rise to a bivari- 
ant Chern character in ordinary de Rham cohomology, which is satisfactory in 
many concrete geometrical examples. Also, in some situations it is not necessary 
to unitalize the algebra B, and the construction of the Chern character can be 
performed on '^^ {A, B) . The following section provides commutative examples 
illustrating these particular cases with the study of Bott elements. 

8 Examples 

Let us have a look at some examples related to if-theory. It will illustrate our 
bivariant Chern character on the two extremal cases 5'*(C, A) and ^'*(-4, C), de- 
scribing respectively the X-theory and if-homology of a complete bornological 
algebra A. 

8.1 Index pairing and the JLO cocycle 

Let A and B be complete bornological algebras. First of all, a bounded homo- 
morphism p : A ^ B <Z B must be considered as the fundamental example of 
even ^-K-bimodule. In this case one chooses £ = B with trivial graduation, 
and the Dirac operator is equal to zero, hence we get an unbounded bimodule 
iB,p,0)e^o{A,B). 

Proposition 8.1 For any bounded homomorphism p : A B, the bivariant 
Chern character of{B,p,0) G 'i'o{A,B) is equal to the class ch(/9) £ HEq{A,B) 
of the chain map 

X{p,) : X[rA) -> X{rB) (102) 
induced by the bounded homomorphism p^ : TA — » TB. 

Proof: ch{B, p, 0) is the cohomology class of the composition of chain maps 
X{TA) ^ n,TA^ X(TB),wheie x is constructed as follows. With £ ^ B 
one has ^tn^ — ^^s^tn^ — Furthermore, the homomorphism : TA 
End^g(f2+j£) ~ TB is simply given by p*(ai ® . . . ® a„) = p(ai) ® . . . ® jo(a„). 
Hence the lift of {B, p, 0) corresponds to the T^-TS-bimodule {TB, p*, 0). Thus 
by remark |6.9| , the two components of the morphism x • ^f TA — » X{TB) are 
respectively a 0-cochain and a 1-cochain on the {b + i?)-complex of universal 
forms over TA: 

Xo{x) = p^{x) ,yx e TA , Xiixdy) = [\p^{x)dp^{y) ,\/xdy e ft^TA . 

Hence x vanishes on any differential form over TA of degree > 2. From the 
explicit expression of the Goodwillie equivalence 7, we can compute easily the 
composition xi ■ X{TA) ^ X(TB): 

X X + degree > 2 (x) , 

\\xdy xdy + b{x(j){y)) + degree > 3 \\pt{x)dp^{y) , 
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for any x,y € TA. This is precisely the morphism of complexes X{p^,). 



AIn{A), is described by an even bounded honiomorphism p ~ 



We focus on the algebra C. One knows ||2^ that X{TC) is homotopic to 
X{C) : C ^ 0. The generator of HEo{<C) = C is represented by the following 
even cycle e e Xo(TC) ~ f^^n^- Denoting by e the unit of C, then 

^^^^ + ES(''— ^)(^^'^^)" ef^i.C = rc (103) 

n>l ^ 

is an idempotent: = e in TC, which implies \\de = 0. Thus e indeed defines 
an even cycle of X{TC). 

Now let ^ be a complete bornological algebra, and fix an integer e N. Let 
H. = H+ ® H- be the Z2-graded complete bornological space such that H+ = 
H- = , an consider the right y^- module £ ~ H^A. The algebra of endo- 
morphisms End_^(£) identifies with the Z2-graded matrix algebra M2{Mpf{A)), 
the graduation corresponding to the decomposition into diagonal/off-diagonal 
matrices as usual. Any pair of idempotents e± — 1 + u± G Mj^{A), with u± e 

P+ 
p_ 

from C to AI2{Mn{A)), with p±{e) = e±, e g C. This gives rise to a bimodule 
{£,p,0) £ 5'o(C,^). The pair e± is called degenerate if e+ = e_. The set of 
(differentiable) homotopy classes of such bimodules modulo degenerates is the 
7^-theory group Ko{A). The bivariant Chern character yields a well-defined 
additive map Ko{A) HEo{C,A) ~ HEo{A) which coincides with the usual 
Chern character on iiT-theory 

Proposition 8.2 Let A be a complete bornological algebra, e± = I + u± a 
pair of idempotents with u± € Mff{A), and (£", p, 0) the corresponding bimodule 
in 4'o(C,yl) representing the K -theory element [e+] — [e_] € Ko{A). Then 
the Chern character ch(£,p, 0) G HEq{A) is represented by the entire chain 
ch(e+) — ch(e_) G TA, with 

ch(e±)=tr(e±) + ^ j^tr((e±-i)(de±de±)") G f7+ ^ = , (104) 

ri>l ^^'^ 

where tr is the usual trace on N x N matrices. The difference ch(e+) — ch(e_) 
is well-defined on Kq(A) because it vanishes on degenerates and the bivariant 
Chern character is homotopy invariant. 

Proof: One has £ ^ n(^A with W = C^. Thus n+^£ is equal to n(»fA 
and the homomorphism p : C ^ End t(5) = M2NiA) lifts to an homomorphism 



: TC ^ EndfAn+,£) = M2n{TA). Then by remark 6.9, ch(f,p,0) is the 



image of the generator e G TC under the composition of bounded maps 
TC ^ M2N&A) ^TA^TA, 

where tr^ is the usual supertrace on supersymmetric 2N x 2N matrices, and p 
is the projection. Since e± = 1 + u± with u± G Mi^{A), we have trs(p(e)) — 
tr(e+) — tr(e_) = tr(M+) — tr(u_) G A, hence 

ch(£,p,0) = tr,(p(e)) + ^ j^tr,((p(e)-i)(dp(e)dp(e))") 

n>l 
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= ch(e+) - ch(e_) e TA 
as claimed. ■ 

Let Ideni(yl) be the set of idempotents in the inductive hmit of matrix al- 
gebras Moo (.4) = \imMN{A). Then we have a pairing Idem(y^) x 'i!^{A,B) 

^»(C,yB) given by left composition with the homomorphisms C Mn{A) cor- 
responding to the idempotents. The functorial properties of the Chern character 

Idem(^)x ■i>l{A,B) > ^'^(C,6) 

|ch |ch |ch (105) 

HEo{A)xHE4A,B) > HE,{B) 

show that we can compute in homology the pairing between i^-theory and bi- 
variant modules. In particular when i3 = C, the unbounded ^-C-bimodules 
essentially describe the spectral triples over A. Recall that a spectral triple 
is given by a Z2-graded Hilbert space, a representation p of ^ into the alge- 
bra End(7i) of bounded operators, and an unbounded selfadjoint odd operator 
D. Extending the left actions of p and D to £ := Ti®<C, we get a bimodule 
{£,p,D) £ \I'»(^, C) describing the above spectral triple. Its bivariant Chern 
character is an entire cyclic cohomology class in HE^ {A, C) ~ HE* (A) . Our 
construction represents ch{£, p, D) as a bounded cocycle on X{TA). Exploiting 
the homotopy equivalence between X{TA) and ^^A, we may also represent the 
Chern character as an entire cocycle on the {h + _B)-complex of A. When doing 
this, we recover exactly the JLO cocycle [^ : 

Proposition 8.3 Let A he a complete bornological algebra, and {£, p, D) € 
^»(.4, C) a 0-summable spectral triple, with £ = TL®<C Then the Chern char- 
acter of {£,p,D) is represented by the entire cocycle xi^iP^D) : fl^A C on 
the (b + B)- complex of A, corresponding to the JLO formula: 

i) In the even case H — 7i+ Ti,-, P ^ ( ^ ^ ^■''^'^ D = ^ 
Then x is the even entire cochain 



p- J \ D+ 



x{£, p,D){aodai . . .da2n) ^ / dsi...ds2nX (106) 

xTr,(p(ao)e-^°^' [D, p(ai)]e-«i^' ...[D, p(a2„)]e"^^"''') , 

for any n £ N and a,; G A, where Tr^ is the supertrace of operators on the 
Z2- graded Hilbert space H. 

ii) In the odd case Ti. is the sum of two copies of a trivially graded Hilbert space IC. 
One has P ~ ^ q |^ ^ given bounded homomorphism a : A ^ End(/C), 

and ^ ^ ^ Q ^ ^ '^^ unbounded operator Q. Then x is the odd entire 
cochain 

x{£,p,D){aodai . . .da2n+i) = -V2i dsi . . . ds2n+ix (107) 

"'A2„ + 1 

xTT(p{ao)e-'"'^"[Q,p{ai)]e-'''^\..[Q,p{a2n+i)]e-''"+''^') , 
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for any rt G N and ai G A, where Tr is the trace of operators on IC. 



Proof: The isomorphism HE^,{A,C) ~ HE* (A) is obtained as follows. Given a 
bounded chain map / : X{TA) X(TC) representing a bivariant entire cyclic 
cohomology class, we associate the bounded cocycle X{m) o f : X{TA) 
X{C) ~ C obtained after composition with the projection morphism X{m) : 
X{TC) X{<C) coming from the multiplication map m : T<C C. The 
functoriality of the construction x (theorem 6.8) yields a commutative square 



n,A 



X{rn) 



■c 



Combining this square with the commutative diagram (|3^) of corollary |4 . 5| shows 
that under the homotopy equivalence P o c : X{TA) — > ^eA, the Chern char- 
acter of the spectral triple ch(f , p, D) G HE* {A) indeed corresponds to the class 
of the (6 + i?)-cocycle p, D). Since Xi(C) = 0, the only remaining compo- 
nent of X is Xo = TpLQ^, where r is the even/odd supertrace of endomorphisms 
on 7i, depending on the parity of the spectral triple. Since r • t] is a (super)trace, 
one has 



with 



Xo = r / dte-''dpe^'-^^% = Tdpe-% , 



+ [D,p\. As usual exp(— 6*) is given by a Duhamel expansion 
. dsn e-^"^' [D, p]e-^^^' . . . [D, p]e-^"^' . 



E 

n>0 



(-)" / ds, , 

A„ 



i) Even case: Then Ti, = Ti.+ H- and r = Tig- Also, p is a diagonal matrix 
whereas D is off-diagonal, so that r selects only even powers of D, and therefore 
Xo is an even entire cocycle on fl^A. Equation (106) follows. 

' 1 



ii) Odd case: Ti. — JC ® JC and D = eQ, with e — 



1 



For any 



x,y Cz End(/C), one has t{x + ey) = \/2iTr(y), hence r selects only odd powers 
of D; Xo is thus an odd entire cocycle over A, whence (107). ■ 



This shows in particular that for any idempotent e G Idem(j4), and any 
0-summable even spectral triple {£, p, D), the coupling of the Chern characters 
calculates the index pairing between if-theory and if-homology: 

Proposition 8.4 Let A be a complete hornological algebra, e G Moo{A) an 
idempotent and {£,p,D) a 9-summahle even spectral triple over A. Then the 
composition of the Chern characters by the map HEo{A) x HE'^{A) C com- 
putes the index pairing 

(ch(e), ch{£, p, D)) = index(eDe) (108) 

Proof: One has e G Mm{A), and £ — T-C<E)C for a certain Hilbert space Ti.. The 
proposition is easily proved by exploiting the homotopy invariance of the Chern 
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character with respect to D. For notational simpHcity we still denote by e the 
idempotent p{e) € End(H(g)C^). For t e [0, 1] the operator 

Dt = D + t{[D,e]e-e[D,e]) 

is a bounded perturbation of D, connecting homotopically D to Di. One has 
[Di, e] = 0, which shows that we can reduce to the situation where D commutes 
with e. The Chern character of e in the (6 + i3)-complex of entire chains over 
A is obtained from the X-complex cycle e by means of the rescaling factor of 
equation (|ll|): 

ch(e) =tr(e) + ^(-r^^tr((e- i)(de(ier) . 

71>1 

Since we assume [D, e] = 0, equation ( |106D implies that xi^^ Pi D) vanishes on 
any term involving a (strictly) positive power of dede, hence 

x(f,p,i?)(ch(e)) = Tr,(ee-^') . 

This is the McKean-Singer formula computing the index of D relative to e, 
whose proof involves spectral theory in a simple way [T^ . ■ 



8.2 The Bott class 

We now examine the generators of the iiT-theory and iiT-homology of the n- 
dimensional real vector space. This will illustrate some features of commutative 
algebras, and explain the role of the somewhat mysterious Fedosov exponential 



(lemma 7T). Let iS(M") be the commutative algebra of smooth rapidly de- 
creasing functions on K". We denote by {xi, . . . , x„} the canonical coordinate 
system, giving to M" its canonical orientation. 5(M") is a Frechet algebra for 
the locally convex topology given by the countable family of seminorms 

||a||a,A- = sup \x'^d^a{x)\ Va e 5(M") , (109) 

where a = (ai, . . . , a„) and 5 — ((5i, . . . , (5„) are collections of positive integers 
such that a;" — {xi)°'^ . . . (x„)"" and 9* is the partial differentiation operator 



d 



We endow 5(R") with the bounded homology. 



For any n G N, we shall first construct a spectral triple over 5(M"). It comes 
from the Dirac operator acting on sections of the trivial spinor bundle over R". 
So let Cn be the n-dimensional complex Clifford algebra. It is generated by a ba- 
sis 7^, . . . , 7" of C", subject to the anticommutation relations {7^, 7"^} = 25^'^ . 
We let Sn be the complex spinor representation of C„ endowed with the fine 
homology Then the fundamental class of R" in if-homology is represented 
by the following bornological spectral triple: Tin Sn®SiW^) is the complete 
bornological space consisting of rapidly decreasing sections of the trivial spinor 
bundle; the representation p : 5(]R") End(7i„) is given by (left) multiplica- 
tion; and for any real parameter i > 0, the usual Dirac operator Dt = *V^7^ g§F 
acts as an unbounded endomorphism of 7i„ . If denotes the right C-module 
Hn^C, then {£n,p,Dt) E ^*(5(R"),C) is a 0-summable spectral triple with 
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parity equal to n mod 2 (for n odd, replace En by two copies of 7i„(g)C, p by 
Id2 ® p and Dt by ££>(). 

In the subsequent calculations we will need some explicit properties of the ma- 
trix representation of the Clifford algebra into Sn- This depends on the parity 
of n: 

i) n — 2k: Then the spinor representation 5„ is a 2''"-dimensional Z2-graded 
space. The generators 7'' are odd operators represented by hermitian matrices. 
The grading operator is the element of highest degree in C„ : 

r = (-^)V...7" , (rf = i. (110) 

The supertrace of linear operators on Sn is tr^ = tr(r-). Then for any j < n 
one has trs(7-^ . . .7^) — 0, while trs(7-^ . . .7") = {2i)''. 

ii) n = 2fc+ 1: Then Sn is a trivially graded 2'^-dimensional space. We represent 
also the generators 7'' by hermitian matrices. Then for any j < n one has 
tr(7i . . . 7J) = 0, and tr{-f^ • • ■ 7") = (2^)^=. 

Proposition 8.5 Letn be a positive integer. The Chern character of the funda- 
mental class (f„,p, A) G *„+2z(5(R"),C) in HE"+'^^{S{M.")) retracts, when 
t —I- 0, to an n- dimensional (b + B)-cocycle x" '■ f2"5(]R") C. It corresponds 
to the fundamental class of R" in cyclic cohomology: 

x"(aodai . . . da„) = —— - / aodai A . . . A (ia„ , (111) 
n!(27ri)"/^ Jh,. 

for any a, £ 5(M"). 

Proof: It is a well-known fact that when the Dirac operator acts on the sections 
of a spinor bundle on a manifold M , the JLO cocycle retracts on local expres- 
sions involving the A-genus of M at the limit t ^ In our case, M" is a flat 
manifold so that the computation is particularly simple, and can be performed 
by means of the asymptotic symbol calculus for example as in We don't 
give the details here because it is a classical result. ■ 

In fact the retracted (6 -I- i?)-cocycle x" is also a cyclic n-cocycle, that is, 
a closed graded trace of degree n on the DG algebra S15(M"). It follows that 
X" is invariant under the Karoubi operator k on rie5(M"), thus it vanishes 
on the contractible subspace P-'-rie5(M") (see section ^.3[ ). It follows that x" 
is also a cocycle on the X-complex X{TS{W)) ~ (f7a„5(M"), tjd, 6). Taking 
into account the rescaling factor (— )"[n/2]! of equation (|ll|) when passing from 
rian'5(R") to 17£5(]R"), we deduce the expression of the fundamental class as an 
X-complex cocycle: 

Corollary 8.6 Letn e N, and {£n,P,Dt) be the fundamental K -homology class 
o/K". 

i) If n is even, then the Chern character of {£„, p, Dt) in HE'^{S{M.")) is rep- 
resented by the following trace on the algebra T5(M") ~ (r2+-|5(K"), 0); 

[n/2]! f 

ch{£n, p,Dt)(aodai . . .dan) ^ / aodai A . . . A don (112) 

n! 27ri "/^ /»„ 
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for any e 5(R"). 

ii) Ifn is odd, then the Chern character of P, Dt) in HE^{S{W^)) is repre- 
sented by the following one-cocycle on fl^TS{M.")\f ~ ri~„5(R"); 

ch{£n, p, Dt){\\aodai . . . da„_ida„) 

for any a, e S{W). 

One sees that there is a simplification here, due to the fact that 5(M") is a com- 
mutative algebra: the cocycle factors through de Rham cohomology. Hence we 
can deal with the ordinary exterior algebra of differential forms 51* (R") instead 
of the universal DG algebra of non-commutative forms r2iS(IR."). We endow 
n*(M") with its usual Prechet topology and the associated bounded bornol- 
ogy. Then the universal property of 575 (R") implies that there is a unique 
bounded DG algebra morphism 575 (M") f2*(R") extending the identity map 
<S(M") — > <S(]R"). The image of aodai . . . dak is equal to aodai A . . .Adak ifk <n 
and zero otherwise. As a consequence, this DG morphism is also boimdcd for 
the analytic bornology on f2iS(M") and thus extends to a bounded DG mor- 
phism 0an5(M") n*(M"). We endow the even part 0+(M") with the Fedosov 
product 

oji UJ2 '■— UJ1OJ2 — doji A dLj2 Vcji, UJ2 € 51^ (M") . (114) 

ThenTn :— (51+ (K"), 0) is an associative (non-commutative!) complete bornolog- 
ical algebra, and we get a canonical bounded homomorphism (51+jj(S(R"), 0) —^ 
(fi+(R"),0), or cquivalently TS{R") Tn- This yields a bounded chain map 
X(T<S(R")) X{Tn). Now, the fundamental class of R" gives rise to a bounded 
cocycle [R"] : X(T„) ^ C: 

[R"](x) = / X , [R"](xdy) = / xAdy , yx,y€Tn. (115) 

It is easily checked that [R"] vanishes on the commutators [T„,51^r„], hence 
is well-defined on 51-'^ T„^ = Xi(T„). Consequently, the Chern character of 

{£n,P,D) e *„+2z(5(R"),C) factors through X(T„): 

ch(£:„,p, A) : X(T5(R")) ^ X(r„) ^ C , (116) 
where x" is the cocycle (-)"-^Mp^[M"]. 

We now construct the Bott generator of the /T-theory of R". It will be 
represented by a bimodule /?„ G ^'„-|-2z(C, 5(R")). Since we deal with the 
exterior algebra of ordinary differential forms and its Fedosov deformation T„, 
we don't need to consider the unitalization of 5(R"). This property also is a 
advantage of the commutative case. Let again Hn = S'n<8i5(K") be the space 
of rapidly decreasing sections of the trivial spinor bundle over R", considered 
this time as a right 5(R")-module. There is an ovious homomorphism a : C — > 
End5(Rri)(H„), sending the unit e G C to the identity endomorphism. For any 
real parameter A > 0, we introduce an unbounded Dirac operator Qx acting on 
Tin by Clifford multiplication with respect to the vector x: 

(QAe)(x) = yAx^7^-C(x) VeGH„,xGR". (117) 



i!(27ri)"/2 



/ 



aodai A ... A da„_i A da„ 
(113) 
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Note that Q\ is the Fourier transform of the previous Dirac operator Dx-i- 
Then the unbounded C-5(M")-bimodule /3„ — {Hn,a,Q\) represents the Bott 
generator of K". Its Chern character ch(/3„) e i?£^„+2z(5(R")) is represented 
by entire chains over iS(M"). We want to evaluate ch(/3„) on the fundamental 
class of M", so that only its image in X(Tn) is important. All the construction 
of the bivariant Chern character then transpose immediately to the situation 
where the universal DG algebra rJiS(R") is replaced by f2*(IR"). 

Proposition 8.7 For any n e N, let l3„ = {Hn.a^Qx) G *„+2z(C, 5(R")) be 
the Bott generator. Its Chern character is represented by the following cycle in 
the X -complex of the Fedosov algebra Tn — (il^"(M"), 0); 

i) n even: 

= j^i2iX)"/^e-^^"dxi A ... A dx„ € T„ . (118) 
(n/2)! 

ii) n = 2k + I: 

ch(/3„) = -■^^(2iA)"/2 J2 tle-^^'dxj+i A ... A dxj-idxj e n^Tni, . (119) 

These are top-degree differential forms with gaussian shape over M". 
Proof: For n even we set £„ = "Hn, D — Q\ and p — a. For n odd we set 
£n = Ti-n © Hn, D — sQx and p = ld2 ® a, where e = [ ^ \] is the 



odd generator of the one-dimensional Clifford algebra Ci. Then for any n, the 
unbounded bimodule (£„, p, D) G ^'n+2z(C, 5(R")) represents the Bott element, 
and ch(/3„) is the image of the generator e G HEq{C) under the composition of 
chain maps 

X{TC) n^TC X{TS{W')) X{Tn) , 

where 7 is the Goodwillie equivalence and x — xi^tn^n, p*, F)) is the core 
of the bivariant Chern character. We know that the generator of HEq{C) is 
represented by the idempotent 



fe> 



where e is the unit of C. We claim that its image 7(e) in rj^TC has the same 
homology class as the (h + B) entire cycle 

/ = e + ^(-)'=M:(e - \){dedef G ^TC . 
fe>i 



Indeed, the projection tt : figTC X{TC) maps / to e, and corollary 4.4 shows 
that TT and 7 are inverse homotopy equivalences. Thus ch(/3„) is the image of 
/ under xi^tn^n, P*, D) projected to X(T„). The construction of the bivariant 
Chern character carries over to the situation where the universal DG algebra 
f]5(M") is replaced by f]*(M"). We thus consider the right r„-module rj+£„ := 
Sn®Tn. There is a unique bounded homomorphism : TC EndT„ (f^^fn) 
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extending p : <C End5(Kre)(5„). By definition one has p{e) ~ 1 and dl ~ 0, 
so that p*(e(c?ede)'^) = l{dldl)'' = whenever fc > 1, and p*(e) = 1. Next, 
the chain map x(f2^£'„, p*, -D) : figTC — > X{Tn) has two components: the 
T„-valued xo = '''Mot], and the fl^Tn^^-vahled xi = ^T^Qd{D + p■^,)\\, with 

Po= f dtexpQ{^te)dp,expQ{{t-l)0) , 9 = D^^ + [D, p,]^ , 
Jo 

and r : EndT„(f^^fn) ~> is the supertrace. Recall that the exponentials and 
commutators are taken with respect to the Fedosov product on (ri"'"(R"), 0) = 
T„. Since /9*(e) — 1, the Fedosov commutator [D,p,(e)]Q vanishes, and we 
simply have 

Tp-Ml) = / dtTCQ dp^e^Q l](e) = reg 





dp^e^' 


f'dtre^'''' 


/o 






dp^e-Q 




/o 







^TpiQd{D + pMf) = / di^TCQ*^ dp^el^''"' d{D + pMf) 



Let us now compute the Fedosov exponential expQ(— D®^) in terms of differ- 
ential forms. One has D®^ = + dDdD, where the laplacian is a scalar 
function of a; G R": indeed if n is even, the matrices j'^ are odd for the Z2- 
graduation of Sn and 



1 

2' 

If n is odd, then Sn is trivially graded, and the product £7'* is odd: 



- {eQxf = Xex^-i^'ex^Y = -a;^a;,{7^, 7''} = Aa;^ 



Next, with iJ = —13®^, lemma 7.1 implies that the Fedosov exponential is the 
following differential form on M": 

expQ H = ^{-f I dsi... dsk e""" dHde"^" dH . . . de""-^" dHde""" . 
fe>o "^-^fc 

But dH = —d{D'^) = —Xd{x'^) and dexp(sfl") = sdH exp{sH), hence d{x'^) 
always appears by pairs in the expression above. This means that all the terms 
corresponding to fc > 1 vanish, and 

expQ H^e" = e-^"-^"^^ = e"^' ^ k^i^dDdOf , 

fe>0 

because the scalar commutes (for the ordinary product of differential forms) 
with dDdD. For n even one has dDdD — Xdx^^j^dxi.j'^ = —XdXf^dxiyj^j'^ 
because 7^^ and dxi, are odd, and for n odd dDdD — Xdx^ej^dx^ej" = 
—Xdx^dXy^^^^ . Thus in any case, the Fedosov exponential reads 

expQ(-i502) ^ g-A.^ ^ AJ;^^^^ ^^^^^^^^ ^^^^ 
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Let us now compute the Chern character of the Bott element: 
i) n even: then r is equal to the supertrace tr^ on the Z2-graded spinor repre- 
sentation Sn, and ch(/3„) = tr^ expQ(— £>®^). Thus 

\ k 

ch(/3„) = e-^-' Yl -k]"^"^^^ ■ ■ ■ "^"^^^M^' ■ • •7"^'=) • 

fe>0 

However, if 2k < n, then the supertrace over the 7-matrices vanishes, and if 
2k > n, the differential form dx^^ . . . dXf^^k is identically zero. Hence only the 
term 2k = n remains: 

ch(/3„) = ^^e-^^"dx^,...dx^Jis{r' ■■■1''") 
n!e~'*'^ dx\... rfa;„trs(7^ . . . 7") 



(n/2)! 

n! 
(n/2)! 



ii) n odd: then D = sQx and T(a; + ey) = \/2i tr(y) for any endomorphisms x, y 
of the trivially graded spinor representation 5„. Thus 

ch(/3„) = ^reQ^®'d£) = ^TeQ^®'d(eQA) = -\/2i ^tr(eQ^®'dQA) , 
because s anticommutes with d. One has 

ch(/J„) = -x/2i^tr(e-^-'^^da;^,...rfa;^,,7''^...7''='=d(\/Aa;,7")) 

fc>0 

= • • • 'y'"""^'^) ^e-^^'^dx^, . . . dx^^.dx. . 

k>a 

With the same argument as in the even case, only the term 2fc + 1 = n remains 
and 

\rt/2 

ch(/3„) = - V2l-^tr(7^i ... 7'^") he-^^ dx^, . . . dx^^_,dx^^ 

= -\/2i-— (2fc)!tr(7^ . . .7") ^ qe"-^^ dxj+i . . . dxj-idxj 
^- j=i 

= -^(2iA)"/2 ^ ^e-^'^^dxj+i . . . dxj-idxj . 

The proof is complete. ■ 

Corollary 8.8 Let n G N. Then the pairing between the Chern characters of the 
Bott element /?„ G \E'„+2z(C, iS(M")) and the Dirac spectral triple {£n,p,Dt) € 
^'n+2z('5(M"'), C) is normalized: 

(ch(/3„),ch(£:,p,A)) = l • (120) 
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Proof: It is a consequence of corollary 8.6 and proposition 8.7 



This explains the normalization factor v2i appearing in the definition ( [75[ ) 
of the canonical trace r for the Chern character on ^fi. It is interesting also to 
note that this factor is the only one compatible with the external product on 
K-homology KK{A,C) x KK{B,C) KK{A<I)B,C), see [| p.295. 



A Appendix 

In this appendix we adapt Quillen's formalism of algebra cochains to the 
bornological framework. All the results presented here are straightforwardly ob- 
tained from Quillen's paper by replacing arbitrary algebras by complete bornolog- 
ical algebras, tensor products by completed tensor products and linear maps by 
bounded linear maps. 

A.l Bar construction 

Let A be an associative complete bornological algebra. The bar construction of 
A is the graded space 

B{A)^^B„{A), (A.121) 

n>0 

where Bn{A) — is localized in degree n. B{A) endowed with the direct 
sum bornology is a complete bornological space. The decomposable element 
oi (g) ... (g) a„ of A^" will be written (oi, a„). B{A) is naturally a bornological 
coassociative coalgebra, with bounded coproduct A : B{A) B{A)^B{A) 
given by 

n 

A(ai, ...,a„) = ^{ai, ■■■,ai) (g) (a^+i, ...,a„) (A. 122) 

i=0 

and counit ry : B{A) — > C corresponding to the projection onto A'^'^ = C. On 
B{A) is defined a bounded differential b' of degree —1: 

b'{ai, a„) = ^(-)*~^(ai, fliOi+i, a„) , (A. 123) 

1=1 

with b' = for n = 0, 1. One readily verifies that b'^ = and that the coproduct 
and counit are morphisms of (graded) complexes, i.e. A6' — {b' ^ 1 + 1 ^ 6')A 
and rjb' — b'rj = 0, taking care of the signs occuring when graded symbols are 
permuted, for instance 

(1 (g) b'){{ai, ...,ai) «) (flj+i, a„)) = (-)*(ai, a^) (g) b'{ai+i, a„) 

according to the respective degrees of (ai, ...,ai) and b'. This turns B{A) into 
a differential graded (DC) complete bornological coalgebra. 

Next we consider the free bicomodule over B{A) = B 

niB = B^A^B . (A.124) 



48 



The generic element (ai, Oi_i) iSi cii ^ (ai-|_i, a„) of QiB will be written 
(ai, ai_i|ai|ai+i, a„). The left and right comodule maps A; : QiB 
B^CliB and A^. : CliB — > CliB^B are bounded and given by 

Aj(ai, ...,ai-i\ai\ai+i, ...,a„) = 

^(ai, ...,aj) (oj+1, ...,ai_i|ai|ai+i, ...,o„) , (A.125) 

and similarly for A^. ^iB also has a grading over the integers, 

n 

{niB)n^^Bi-i^A^Bn-i{orn>l, {QiB)o = , (A.126) 

just counting the number of arguments in A. There is a bounded differential b" 
of degree —1 

b"{ai, ai-i\ai\ai+i, a„) = (6'(ai, a,^i)\ai\ai+i, a„) 

+(-)Xai, •■•,aj-2|ai-iaj|aj+i, ■•■,a„) + (-)'+^(ai, ai_i|aiaj+i|oi+2, ...,a„) 
+(-)*(ai,...,ai_i|ai|6'(ai+i,...,a„)) . (A.127) 

One has 6"^ = 0, and A; are morphisms of (graded) complexes, i.e. A;&" = 
(&' (8) 1 + 1 (g) b")Ai and similarly for A^. The last operator we will consider is 
the obvious bounded map d : fliB ^ B induced by 

a(ai, ...,ai_i|ai|ai+i, ...,a„) = (ai, ...,a„) . (A.128) 

It is a coderivation: A9 = {l(^d)Ai + (9(g) l)Ar, and a morphism of complexes: 
96" = b'd, of degree zero with respect to gradings. 



A. 2 Algebra co chains 

Let £ be a complete bornological Z2-graded algebra with unit 1 and differential 
d. The space of bounded linear maps 

TZ = Bom(B{A),£) (A. 129) 

endowed with the bornology of cquiboundcd maps is complete, and splits into 
the even/odd subspaces coming from the Z2-gradings of B and £. We denote 
by I /I the degree of an homogeneous element f gTZ. Since B{A) is a coalgebra 
(coproduct A), and C is an algebra (product m : C(E)C C), TZ is naturally 
endowed with a complete bornological algebra structure given by the convolution 
product fg = m{f 5) A, V/, g gTZ. Explicitly on a n-chain one has 

n 

(/5)(ai, an) = ^(-)lsl7(ai, ai)g{ai+u a„) . (A.130) 

i=0 

Note the sign (— )l9l* occuring when the chain (ai, ...,aj) crosses g. The differ- 
entials b' and d induce two bounded differentials of odd degree on TZ: 

df = dof, (5/ = -(-)l/l/o6' , dS + 6d = 6^ = d'^ = . (A.131) 
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d and S are derivations with respect to the convolution product. Thus 7?. is a bid- 
ifFerential Z2-graded (complete bornological) algebra, with unit Irj : B{A) L. 

To the bicomodule ^\B[A) it corresponds by duality a graded 7?,-bimodule 

M = Hom(f7iS(^), £) (A.132) 

with the bounded left multiplication TZ^Ai — > Ai given by f-f — m{f (g) 7)A;, 
V/ e 7?., 7 G A^, and similarly the bounded right multiplication reads 7/ = 
m(j (g) f)Ar. Explicitly, the product evaluated on an element of fliB{A) is 

(/7)(ai, ai^i\ai\ai+i, ...,an) = 

^(-)l'^l-'/(ai, ...,aj)7(aj+i, aj_i|aj|ai+i, ...,a„) . (A.133) 

As before b" induces by duality a bounded differential of odd degree on Ai , 

(57 1-^17 06" , (A.134) 

compatible with the 7?.-bimodule structure: 

'5(/7) = '5/7+(-)l/l/^7, S{^f)^djf+{~y-'hSf. (A.135) 

This differential together with d implies that Al is a bidifferential graded (com- 
plete b ornological) bimodule. Last but not least, transposing the operator 
(A. 128) yields a bounded derivation d : TZ ^ A4 commuting with S and d. 



A. 3 Noncommutative differential forms 

Let A = A S) C he the complete bornological algebra obtained from A by 
adjoining a unit 1 (even if A is already unital). The space of noncommutative 
forms is the complete bornological space ilA — ®„>o with il'^A — Ag)A'^"' 
for n > 1 and ri^y^ = ^. The element ao(E'.-.(E'a„ S 57" (resp. l(X)ai...(X)a„) is 
denoted by aodai...da„ (resp. dai-.-da^). Then ^A is a (non-unital) complete 
bornological DG algebra when specifying the differential 

d{aQdai...dan) = daodai...dan , d{dai...dan) = , d^ — , (A. 136) 

verifying the Leibniz rule with respect to the ordinary product on differential 
forms. The Hochschild operator b : il"^A — > il"'^^A is the bounded map defined 
by b{ijjda) = (— )l'^l [w, a] for any w e ^A and a & A, and b{a) — 0. From 
this one gets the Karoubi operator k = 1 — {bd + db) and Connes' boundary 
B = (l + K + ... + K")don f^M, both bounded, verifying = fe^ = bB + Bb = 
and Bk — kB — B. Thus {ilA, b, B) becomes a complete bornological bicom- 
plex. 

We now can use the bar construction for A in order to get cochains on the 
bicomplex Q.A. First consider the bounded injection t] : H^A {iliB{A))n+i 

n 

tl(aodai...(ia„) = ^(-)"^'+^)(ai+i, ...,a„|ao|ai, ...,ai) . (A. 137) 

i=0 
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Then by direct computation one checks that \\b ~ h"\. Let £ be a unital com- 
plete bornological Z2-graded algebra, and consider the^ associated algebra and 
bimodule = 'H.om{B{A),£) and A4 = Hom(riii?(y4), £). Then composing 
t] with an clement 7 of A1 wc get a bounded cochain j\\ e llom{ilA, C) . The 
following lemma relates the Hochschild operator b on QA with the differential 
S on M. 

Lemma A.l For any 'y G M. one has Sj[\ = — (— )l'*l7tl6 in Hom(f2^, £). 

Proof: By direct computation one checks that \\b — 6"t], and then immediately 
= -(-)h\^b"\\ = -(-)lTl7^6. ■ 

It remains to relate the operator B to the derivation d : TZ ^ A4. For this 
we have to consider a bounded linear map p : A ^ with values in the even 
part of C, and preserving the unit: p(l) — 1. We view it as an element of 
Hom(i?i(^), £) C 7^ of degree \p\ =- 1. Then the following lemma holds: 

Lemma A. 2 Let p : A ^ be a bounded unital linear map (not necessarily 
an homomorphism) , and let f,g be two elements of TZ vanishing if one of their 
arguments is equal to 1 G A. Then one has 

d{fg)^ = {-pfdpg\]B (A.138) 

in Uom{nA,C)- 

Proof: We may suppose / G B.om{Bp{A),£) and g G liom{Bq{A),£) with 
p + q = n + 1. One has 

n 

fdpg\\B(aodai...dan) = '^{-)"^''~^^'> fdpg\\{dai+i...da„daQ...dai) , 

4=0 

with ao € A and qq its projection on A. We compute 

n+l 

fdpg\]{dao...dan) = ^(-)("+^)('+i)(/a/95)(ai, o„|l|ao, a^-i) 

i=0 

= (-)("+i)(9+i)(/apg)(a„...,a„|l|ao,...,a,_i) 

= (-)l3l+"9(/5)(aq, On, ao, a,_i) 

where we retained only the term corresponding to i = q and used the fact that 
p{l) = 1. Similarly for any < i < n one has 

fdpg\\{dai+i...dandao-:dai) = (-)l^l+"''(/g)(ai+g+i, a^, ai+i, aj+g) , 

where the indices of the a's are defined modulo n + l. Thus 

n 

fdpgmaoda^...dan) = ^(-)"(^+i+«)+l»l(/5)(ai+g+i, ...,ai+,) 

n 

= i-P J2'^-r^'^'\f9){(ii+i, an, ao, ai) 

i=0 
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by reindexing q ^ i. On the other hand 

n 

d{fg)i\{aodai...dan) = ^(-)"''+^'5(/5f)(ai+i, a„|ao|ai, Oj) 

n 

= an, So, ai, Ui) 

1=0 
n 

= ^i~T^'^^Hf9)iai+i, ■■; an, ao, ai, a,) 
since /, 5 are supposed to vanish on 1, and the conclusion follows. ■ 
A. 4 Traces 

Let £, A be as above. Let V be a complete bornological vector space and 
r : £ — > V a bounded trace, i.e. a bounded linear map vanishing on the graded 
commutators [£, £]. Another way to specify this is to consider the permutation 
map a : C®C C®C which flips the two factors: 

= (A.139) 

according to their respective degrees. Then r is a trace if and only if rmcr = rm, 
where m : C®L ^ £ is the multiplication map. An essential example is the 
universal trace 

\\:C^C^ = {C/[C, £])completed • (A.140) 

Its universal property stems from the fact that any trace r factors through \\. 

At the dual level, the injection \\ : Q.A — > Q.iB(A) is a bounded cotrace. In- 
deed if we introduce the map cr : riiB{A)iS)B{A) ^ B{A)®^iB{A) which per- 
mutes the two factors (with signs), then one has Ajt] = cr^r'^ and crAjtl = A^t]. 

We now put traces and cotraces together. For any bounded trace r on £, 
the map from M. = iiom.(p.iB[A),C) to Hom(r2^, V) which sends 7 to t^\\ is 
a trace on the 7?.-bimodule M., that is, it vanishes on the graded commutators 
[7?., Al]. Indeed for any f <E TZ and 7 € Ai, one has T{'jf)\] = Tm(7 f)^A = 
{~)h\\f\Tma{f O 7)aA^'t] = (-)l'^ll-^lrm(/ O 7)A(tl = (-)l'^l'^V(/7)ll. 
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